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Preface

This short book consists of two parts. The first part is an exposition of
basic measure theory and probability theory on continuous state spaces.
It does not replace the many excellent texts on the subject but it gives a
condensed and, I hope, still readable account suitable for graduate students
in computer science with a background in concurrency and semantics and
without the standard undergraduate analysis curriculum. I learned this
subject when I began my research into labelled Markov processes and this
part of the book represents what I found useful at that time.

It is based in part on lectures that I gave at Aarhus University in 1997
and at a summer school in Udine later that same year. I had intended to
let them serve as stand alone lectures but after giving a version of these
lectures at Oxford in 2003-04, I was persuaded to turn them — together with
an account of recent research — into book form. In the end I felt it hopeless
to keep pace with the vast outpouring of papers in the last few years and
have described only the work with which I was directly involved. I have,
in the last chapter, given some pointers to the work of others. I feel that
a comprehensive account of the whole field of probabilistic verification and
related topics such as approximation and connections to planning, machine
learning and performance evaluation would be premature at this point.
Perhaps in the future, some more ambitious person will attempt it when
the field has stabilised more.

I would like to thank Mogens Nielsen for encouraging me to teach a
course on this topic at the University of Aarhus during my sabbatical year
1996-97 and Furio Honsell, Eugenio Moggi and Catuscia Palamidessi for
inviting me to lecture on this at a summer school in Udine in 1997. I have
benefitted from interactions with several friends, colleagues and students
(those are not disjoint sets): Samson Abramsky, Christel Baier, Rick Blute,
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Chapter 1

Introduction

1.1 Preliminary Remarks

Labelled Markov processes (LMPs) [BDEP97; DEP02] have emerged as
an important model in a variety of fields: notably artificial intelligence,
verification and optimisation. The basic idea is to consider processes that
exhibit stochastic behaviour but can also interact with the environment and
are thus subject to nondeterminism as well. The word “labelled” is meant
to suggest the process algebra notion of interaction with the environment
through synchronisation on labels. These models have appeared under
many other names: Markov decision processes (MDPs) [Put94], interactive
Markov chains [Her02], concurrent Markov chains [Var85], probabilistic pro-
cess algebras [LS91; JL91], and so on. Perhaps the most widely used term
is “Markov decision process” but I use the term “labelled Markov process”
to emphasise that I am not talking about rewards and the concomitant
interest in policies, value functions and optimal policies.

A labelled Markov process can be thought of as a device equipped with
buttons, each button with a unique label. One (or the environment) can
attempt to press the buttons, the system may or may not accept the action.
If it does then it makes a transition to a new state with some probability
distribution on the final states. Actually, given that the action may be re-
jected we will use subprobability distributions. We assume that one cannot
see the states, all that one can see is how the system reacts to attempts to
press the buttons. This is exactly what is done in process algebra. There are
variations that one can consider, for example one can have states that are
partially observable; one gets hidden Markov models (HMMs) or partially
observable MDPs (POMDPs). In the present book the nondeterminism
appears through the presence of the labels that describe the actions of the
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environment, there is no additional nondeterminism?®.

A central concept in this book will be bisimulation. This concept —
for purely nondeterministic systems — is due to Milner and Park but the
closely related notion of lumpability in queuing theory goes back earlier
and one can even argue that the roots of the idea are found in Cantor’s
writings. The probabilistic analogue was developed by Larsen and Skou and
that work serves as the foundation for the present investigations. The main
departure from their framework is the extension to systems with continuous
state spaces. This entails mathematics that is not familiar to researchers
in process algebra, programming languages and related fields. Thus one of
the goals of this book is to provide the necessary background. The main
application areas are to verification of stochastic hybrid systems and also
to robotics and machine learning.

The theory described in this book is largely from a series of papers by
the author in collaboration with Josée Desharnais, Vincent Danos, Abbas
Edalat, Norm Ferns, Vineet Gupta, Radha Jagadeesan and Doina Precup
as well as a few others. There have been substantial contributions by Franck
van Breugel, James Worrell and their collaborators. The main contributions
of these papers have been (1) a theory of bisimulation and the logical char-
acterisation of bisimulation (2) an approximation theory for continuous-
state space systems and (3) metrics for LMPs and MDPs. There have been
other important contributions to the general subject of reasoning about
probabilistic systems by, among others: E.-E. Doberkat [Dob03], Stoelinga
and Vandraager [SV03], de Alfaro [dA97], Baier, Hermanns, Haverkort and
Katoen [BHHKO0], Kwiatkowska [KNP04] Segala and Lynch [SL94]; but I
will not attempt to survey them. In any case the subject is still developing
rapidly and any attempt to sample the current papers would go quickly out
of date. Of the papers cited, nearly all work with discrete systems; de Vink
and Rutten [dVR99] is one early work that explicitly attacked the problem
of continuous state spaces from a coalgebraic point of view. There has been
a flood of papers by Doberkat which use very sophisticated mathematics.
I will not attempt to cover these either though they are of great interest.

My main goal is to make the mathematical background accessible and
to give a readable self-contained account of the papers alluded to. Some
of the proofs originally given have been streamlined or finessed and it is
possible to present the theory in a more accessible fashion. The relevant
mathematics can, of course, be learned from the many excellent standard

1When we discuss weak bisimulation we will allow so-called internal nondeterminism.
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textbooks. However, these are thick, daunting tomes with a lot more ma-
terial than strictly necessary. I have therefore chosen to write four chapters
— on measure theory, integration, probability theory on continuous state
spaces and on the Radon-Nikodym theorem — of essentially standard mate-
rial for the benefit of the reader who has not had the opportunity to learn
the material from standard sources. There is no claim to originality for this
material. The chapter on the category of stochastic relations is a rework-
ing of some fundamental ideas of Dexter Kozen [Koz81] and of Michelle
Giry [Gir81]. The rest of the chapters are from the series of papers by
myself and my collaborators mentioned above. We close this chapter with
a review of elementary probability theory.

1.2 Elementary Discrete Probability Theory

Elementary probability theory can be summed up easily. Imagine that one
has a process which makes a single step and can end up in any one of a finite
set S of final states, each with equal likelihood. Then the probability that
the final state lies in a subset A — often called an event — is given by |A|/|S|
where | - | denotes the size of a finite set. From this simple intuition one
can define concepts like the probability of more complex processes which
might involve several steps or interaction between different observations or
situations where the outcomes are not equally likely.
The fundamental concept is that of a probability distribution.

Definition 1.1 A probability distribution on a set S is a function P : S
— [0,1] such that ) 4 P(s) = 1.

The idea is that the set S represents the possible outcomes of a random
process and the number P(s) is the fraction of times repeated trials of
the random process is expected to yield s. This fraction may be just an
estimate based on some model of the process or indeed a hunch or it may
be based on statistics collected from previous trials.

Definition 1.2 A finite probability space is a finite set S together
with a probability distribution P on S. The set S is called the sample
space.

One can assign probabilities to sets of possible outcomes by the rule:

P(ACS) = ZP

acA
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Subsets of the probability space are called events. The preceding formula
thus extends probabilities from individual outcomes to events. It may be
that one does not know, or cannot observe, the outcome completely. In this
case the probability of larger events may be the best that one can do.

It may well be the case that one does not actually see the outcome of
the experiment in the sense of knowing exactly the value of s at the end of
the random process. More often we see some function of S.

Definition 1.3 A random variable on a probability space (S, P) is a
function X : S — T, where T is some other set.

Most commonly we take T to be the reals R or perhaps the nonnegative
reals RZ%. A random variable induces a new probability distribution on T'
by composition: Px(t € T') := P(X~*({t})). Thus (T, Px) becomes a new
probability space.

While this notation makes sense, probabilists prefer a more set-theoretic
notation which is a powerful aid to intuition. Instead of writing X ~1({t})
for the set {s € S|X(s) = t}, one writes {X = ¢t}. We will use both
notations but will prefer the latter notation whenever we are talking about
probabilities and random variables, and the former when we are closer to
real analysis.

When random variables take values in the reals (or in a structure where
the arithmetic makes sense) we can define expectation values.

Definition 1.4 The expectation value of a real-valued random variable
X : S — R defined on the probability space (X, P) is

A key notion in probability is independence.

Definition 1.5 Given a probability space (S, P), two events A, B C S
are said to be independent if P(AN B) = P(A) - P(B).

This is the simplest of the various independence notions. In order to ap-

preciate independence more we need to think about how partial knowledge

of the outcome of a trial affects one’s estimates of other aspects of the trial.

Consider rolling two fair dice. Unless something unusual is happening

we usually think of each die as being independent of the other. Thus, the

probability of getting a pair of sixes, for example, is the product of the
1.1

probabilities of each die showing a six which gives ¢ - & = %. What if we

know the sum of the values and are trying to guess the difference? Clearly
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if the sum is 12 the difference is 0, but if the sum is 8 there are three
possible values for the difference, each with a different probability. In order
to capture the general principles behind this kind of probabilistic reasoning
we need the notion of conditional probability.

Suppose we know the outcome lies in the set B and we want to esti-
mate whether it also lies in the set A: or what is the probability of the
event A given that B has occurred? The original sample space is S but
the knowledge that we are given cuts this down to B. Thus we have to
intersect everything with B. The required probability is P(A N B)/P(B).
We assume that P(B) # 0; it would make no sense to condition on im-
possible events. However, later on, when we do probability on continuous
state spaces, this will no longer be true and we will need to make sense of
conditional probabilities more generally.

Definition 1.6 The conditional probability of A given B, written
P(A|B), is given by

P(ANB)

P(A|B) = W

assuming that P(B) # 0.

It is common to use logical notation and think of sets as “formulas.” Thus
one may write
P(ANAB)

P(AIB) = =55

or even P(AB) for P(A A B).
One of the most important — but triviall — theorems is Bayes’ theorem.

Theorem 1.7  Given a probability space (S, P) and events A, B we have

p(ap) = PEA) - PA) f()éfj )

The proof is immediate from the definitions. Why is such a trivial theorem
so important? It is helpful to rewrite it using different letters:
P(O|H) - P(H)
PH|O)= ———F———+
(H10) = =55

where H represents a hypothesis and O represents an observation. What
makes this theorem interesting is how it is used in statistical inference;
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see any good book on statistical decision theory, for example, the one by
Berger [Ber80).
In terms of conditional probability, independence just means that
P(AB) P(A)P(B)

PUAIB) = 55 = —pp = P,

In other words the knowledge that the event B has occurred says nothing
about A.

1.3 The Need for Measure Theory

The typical concepts that one learns: independence, expectation value, and
conditional probability are fairly clear — at least in their intuitive concep-
tion — in the “discrete” case described above. These concepts suffice to
analyse much of the work in probabilistic process algebra. In some sense
the relevant concepts are essentially those of Boolean algebra. However,
in the continuous case, the same concepts require different mathematics.
In some sense one can say that one has to move from Boolean algebras to
o-Boolean algebras. Measure theory evolved originally to make sense of in-
tegration but — essentially in Kolmogorov’s hands — it became the rigorous
foundation for probability theory. The need for such extensions to high-
school probability theory arose from statistical mechanics and the need to
explain physical phenomena like Brownian motion.

For researchers interested in systems like process control systems,
telecommunication systems and networks there are very similar phenom-
ena. There is a uncontrolled physical phenomenon, “noise” or “drift,” and
some controlling software. Understanding how these interact is essential
for the design and analysis of such systems. Reasoning under uncertainty
is an essential part of Artificial Intelligence and Robotics.

In order to see how measure theory is forced upon us we will consider a
classic example — an infinite sequence of coin tosses. This is paradigmatic
of an infinitely repeated operation and will be relevant for any analysis
of recursive or indefinite iteration in a probabilistic setting. Even though
the basic actions are discrete we are led to measure theory by the infinite
repetition. Now if we asked naive questions such as “what is the probability
of the sequence (HT)*” we would get 0 as the answer. From this alone
we can conclude very little. Right away we observe a striking difference
from the finite case. Knowing all the singleton probabilities does not tell
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us the probabilities associated with other sets. The singleton sets are no
longer the “atomic building blocks” from which everything else can be built.
We want to be able to say things like “the probability of getting infinitely
many heads is 1”7 which we certainly cannot conclude from simple counting
arguments.

What we need is a suitable notion which allows us to define the proba-
bilities in a suitably limiting fashion. We expect that there are certain sets
that we can easily associate probabilities with and such that we can define
the probabilities associated with other sets by operations. But what are
the reasonable operations? It seems compelling that the operations of the
discrete theory should survive — these are finite union, finite intersection
and complementation. Thus we expect that we will have a family of sets
closed under these operations. We further expect that

P(AAB) = P(ANB)

with similar formulas for disjoint union and complementation. We have
seen that we cannot expect a summation formula for arbitrary unions but,
if we want limits to be computable, we can demand that countable unions
behave like finite unions. In other words we demand that the family of
sets we are working with be closed under countable union and complement;
intersection is, of course, superfluous. We demand that if we have a pairwise
disjoint family of sets A;, then

P(U;iA;) =Y P(A;) and P(A%) =1 — P(A).

From this, can we compute the probability of having infinitely many
heads? The probability of having the first toss be a head followed by an
infinite sequence of tails is 0. The probability of exactly one head anywhere
is again 0, by considering the countable union. The probability of any
fixed finite number of heads is 0, again by taking a countable union and
the probability of finitely many heads is again 0. Thus the probability of
infinitely many heads is 1. Of course not all answers should be 0 and 1.
The probability of a head followed by an arbitrary sequence should be 1/2.
The sets which look like initial finite sequences followed by an arbitrary
sequence are the sets which serve as the basis from which to compute all
probabilities.

This raises the natural questions: can we compute probabilities for all
the sets this way? It turns out that the answer is no! There are sets for
which probability or “measure” cannot be sensibly defined. This never
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happens when the space of outcomes or states is countable but happens in
“almost” any uncountable space.

The key point to take away from this is that we expect to work with
countable operations — finite ones are not enough and arbitrary ones are
impossible.

1.4 The Laws of Large Numbers

One of the most striking early results in probability theory was Borel’s law
of large numbers. In fact there are two: the strong law and the weak law .
It is worth understanding what they say to see what the difference between
discrete and continuous probabilities is. The weak law can be explained
(and proved) entirely in terms of discrete probability, but the strong law
requires the ideas of continuous probability distributions. One can think
of this law as corresponding to the choice of a real number from the unit
interval or as an infinite sequence of coin tosses. By viewing a sequence of
heads and tails as the binary encoding of a real number we can relate the
two2. We will work with the coin tossing interpretation.

We imagine that we have a fair coin — it has equal probabilities of
producing a head or a tail — and we toss it infinitely often. We have seen
some of the questions that we can ask about this situation, now we consider
subtler questions connected with deviations. Intuitively, we expect that the
proportion of heads and tails should be half each, at least in some limiting
sense. How can we formalise this? First we can say that the probability
that there are n heads in the first 2n tosses tends to 1/2 as n tends to 0.
This can be made more formal in the following way. Instead of heads and
tails we work with ones and zeros. We write s for a sequence of coin tosses
and we write s; for the value (1 or 0) of the ith toss. Then the number of
heads (= 1s) in the first n tosses can be written as Y. s;. An elementary
argument shows that

Pr{s:ési:k}: <Z) 2%

The weak law expresses the intuition in terms of deviations from the ex-

2Modulo some minor niggling details about representing numbers uniquely.
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pected probability. For any € > 0,
lim Pr{s: Ly L >el=0
lim r{s.|5;5¢—§|_e}— .

This law is expressed entirely in terms of concepts that arise in discrete
probability even though it says something nontrivial about a non-discrete
situation. The proof can be found in many books; Billingsley [Bil95] or
Breiman [Bre68] are good places to look.

We include the proof for the interested reader. The knowledgeable
reader can skip this and the beginning reader may defer this to later. For
the present we assume that the reader is familiar with the concept of ex-
pectation value of a random variable and of the indicator or characteristic
function of a set. These are explained later in the text. We proceed as
follows. First we prove Chebyshev’s inequality for the case of the space of
sequences. Let £, be the space of sequences of length n of heads and tails.

Proposition 1.1  [Chebyshev] Let X be a function from Q,, to the reals.
Let E[X] stand for the expectation value of X .

E[X?]

Ve>0.Pr({s: X(s) > ¢}) < —;

€

Proof.

Pr({s : X(s) > e})
E[]-{s X(9)>e}]
[62 1{SX s)>e}]
E[>

-]
E[X?]

IIIAIA
wl"'

O

Proof. (Of the weak law) We define the function X; : Q, — R by
X,;(s) = 1if the jth element of the sequence s is a head and 0 if it is a
tail. We define the function S, : Q, — R by S,(s) := > | X;(s). Thus
S, counts the number of heads in s. Now we can proceed as follows. Note
that by applying Chebyshev’s inequality with the function 1S, — 1 we have
immediately

1 1
Pr({s: =S — 5| > ¢}) E[[ 35, — 5P1/¢
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We can write 15, —1 as 2 5™  (X; —1). Thus the expectation value that

we need is HE[(}1 | (X; — 3))?]. To calculate the expectation value we
first note that if ¢ and j are not equal, then E[(X; — )(X; — )] = 0. Thus
when we square the sum, all the cross terms have zero expectation. Thus
we are left with E[}_"" | (X; — 3)%]; each term of this sum has expectation

% so the sum has expectation 7. Thus

1 1 1
P =S, = =| > < .
sl -Su—5l2eh < 1
Now when we take the limit n — co we get the result. |

Notice that this proof involves purely finite quantities and discrete proba-
bility theory.

The so-called strong law states something about the probability of se-
quences that satisfy a condition stated in terms of the entire infinite se-
quence. We define the set of interest as follows

This is the set of sequences with asymptotically equal numbers of heads and
tails. Note that the condition of asymptotic equality has to be satisfied by
every sequence in the set. When we view these sequences as numbers we
get the set of numbers with equal occurrences of the two bits 1 and 0 in
their binary representation. Such numbers are called normal numbers base
2. One can similarly define normal numbers for any base. A normal number
is normal with respect to any base. Borel’s normal number theorem says
that the probability of choosing a non-normal number at random is 0. This
is a statement that makes no sense unless we have a notion of measure on
the entire sets of infinite sequences. We will prove the strong law after we
have set up the framework of measure theory.

The strong law implies the weak law but not vice-versa. There are two
different notions of convergence at work here. In the weak law we have
convergence of the expected values whereas in the strong law we have exact
convergence holding with probability 1; what is often called almost sure
convergence.
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1.5 Borel-Cantelli Lemmas

This section is not needed for anything that follows but it helps flesh out
the discussion of infinite sequences of coin tosses.

In the last section we considered situations with infinitely many occur-
rences of an event. In this section we describe two classical lemmas about
this type of situation. Suppose we have a situation, say discrete for simplic-
ity, where there are infinitely many events of interest. We write {A4; : i € N}
for these events. The situation that we have in mind is the following. We
repeat the experiment infinitely often. In each repetition one (or more) of
the A; may occur or perhaps none of them occur. Now how do we describe
the situation “the A; happened infinitely often” in repeated trials? We are
really looking at the countable product space of sequences of trials as we
did with the discussion of infinite sequences of heads and tails. The lim
sup of the sets A; is given by

A =limsup A, = ﬁ [j A,.

nTroo N=1n=N

This is the set theoretical analogue of the “lim sup” which you might re-
member from undergraduate analysis. It corresponds to the situation we
wish to describe, i.e. infinitely often one of the A; happens. We can now
state the first Borel-Cantelli lemma.

Proposition 1.2 [Borel-Cantelli I] With the notation above, if
2% Pr(A;) < oo then Pr(A) = 0.

Proof. Let By = UX yA,, then A =NY_,By. Now we have VN, A C
By, thus

Pr(A) < Pr(By) < i Pr(Ay).
n=N

Now if we let N go to infinity the sum on the right hand side must go
to 0 since it is the tail of the convergent sequence » - Pr(A,). Thus
Pr(A)=0. O

This makes no assumption about the events being independent. The con-
verse result does, however, require an independence hypothesis.
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Proposition 1.3  [Borel-Cantelli II] If the A, are independent then
Z Pr(A,) = co implies Pr(A) = 1.
n=1

Proof. Let us write C, for the complement of A,, thus Pr(C,) =1 —
Pr(A,,). Note the obvious inequality (1 —z) < e~* for any « in (0, 1). For
any N and M > N we have:

Pr(N,—n Cn)
< Pr(Mly O
Now, since we have assumed independence, we have that the last line
= v Pr(Cy)
[T, n (1 = Pr(An))
[Tl exp(=Pr(An))
exp(= X,y Pr(An)).

IN

We used independence in the first equality above. Now if we let M go to
oo the rhs goes to 0 since the exponent goes to —oco by hypothesis. Now

we have
A=1J N
N=1n=N
hence
Pr(A) < Y Pr(() Cn)=0
N=1 n=N
Thus we have Pr(A) = 1. O

If we assume independence the result is that the probability of A is always
either 1 or 0. Consider our coin-tossing example. If the probability of heads
is some fixed number greater than 0 the probability that we will have a
sequence of 1729 consecutive heads is 1! Thus even though we expect the
numbers to average out “in the long run”, in any given sequence of repeated
experiments we expect, with high probability, that there are arbitrary long
sequences of heads.



Chapter 2

Measure Theory

In this chapter we discuss the axioms for measure theory from an abstract
point of view. This will prepare us for integration theory and the major
applications of these ideas: to probability theory on continuous state spaces.
Intuitively, a measure is a notion of “size” that one wishes to attach to sets.
This notion is intended to reflect the geometric notion of size coming from
examples like area and volume. Measure turns out to be poorly related
to set theoretic conceptions of size. It would be pleasant if we could take
all sets to be measurable; unfortunately, as we shall see below, this is not
possible, even for such common spaces as R. In situations with a countable
set of possible states we can indeed take all sets to be measurable and much
of the subtleties of measure theory can be dispensed with. However, results
and proofs obtained in the discrete case are not very reliable guides to the
continuous case.

In this chapter we have given most proofs in greater detail than in most
books and we have assumed little prior exposure to advanced analysis. We
do assume basic notions in topology and metric spaces.

2.1 Measurable Spaces

Definition 2.1 A measurable space (X,Y) is a set X together with
a family X of subsets of X, called a o-algebra or o-field, satisfying the
following axioms:

(1) pex,
(2) A € ¥ implies that A° € ¥, and
(3) if {A; € XJi € I} is a countable family, then U;cr A; € X.

13
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If we require only finite additivity rather than countable additivity we get
a field or algebra'.

Notice that unlike open sets in a topology, measurable sets are closed un-
der complementation and hence under countable intersections as well. This
makes a dramatic difference to the properties of measurable functions, com-
pared with continuous functions, as we shall see below. Note also that sin-
gletons may or may not belong to a o-algebra. In most o-algebras that we
are interested in the singletons will be measurable sets.

Here we develop some of the basic properties of o-algebras.

Proposition 2.1  The intersection of an arbitrary collection of o-algebras
on a set X is a o-algebra on X.

The proof is left as an exercise. The following corollary is very important.

Corollary 2.1 Given any subset B of P(X) there is a least o-algebra
containing B.

We often refer to the least o-algebra containing B as the o-algebra gener-
ated by B and we write o(B) for the o-algebra generated by B.

Example 2.1 Given a set X the powerset P(X) is a o-algebra. The set
consisting of just X and @ is another g-algebra. If X is a countable set
and all singletons are measurable the o-algebra is P(X). This is the case
in most discrete situations.

These are extreme examples of course. A more interesting example and a
good source of counter-examples is the following.

Example 2.2 Let X be an uncountable set. The collection of all count-
able (finite or infinite) sets and cocountable sets (complements of countable
sets) forms a o-algebra on X. This is the o-algebra generated by the sin-
gletons.

The next example is of fundamental importance.

Example 2.3 Given a topological space (X,7) we define B(X) to be
the o-algebra generated by the open sets (or, equivalently, by the closed
sets). Strictly speaking we should write B(X) since the o-algebra depends
on the topology and not just on the set X, but it is customary to write as
we have done since the topology is usually clear from context. The sets in
the o-algebra B(X) are called Borel sets. The most important instance

IThese words are used differently in abstract algebra.
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of this is the collection of Borel sets in R. One often says “Borel sets” to
refer to this special case.

The following propositions will be useful when we discuss measurable
functions. The proofs are exercises.

Proposition 2.2 Let f: X — Y be a function and let 2 be a o-algebra
on'Y. The sets of the form {f~'(A)|A € X} form a o-algebra on X.

Quite often we want to work with the members of a set which generates a
o-algebra rather than with all sets in the o-algebra.

Proposition 2.3 Suppose X,Y are sets and f: X — Y is a function.
Suppose that G is a family of subsets of Y and ¥ is the o-algebra generated
by G. Then {f~1(A)|A € X} is the o-algebra generated by {f~*(A)|A € G}.

A categorical interlude

The collection of measurable spaces and measurable functions forms a cat-
egory which we shall call Mes. There is an evident forgetful functor from
Mes to Set. In this category products are constructed as follows. Suppose
that (X1,%;1) and (X3, X3) are measurable spaces. The underlying set is
just the cartesian product X; x X5. If A € 31 and B € ¥, are measurable
sets the product A x B is called a rectangle. The o-algebra on X; x X,
generated by all the rectangles is written ¥; ® ¥o. We claim that this is
the categorical product in Mes.

The situation is illustrated in Fig. 2.1. Given measurable functions f, g
from a measurable space Y as shown, the map (f,g), constructed as in
Set, {f,9)(y) = (f(y),g(y)) is the unique measurable function making the
diagram commute. It is in fact the unique function in Set making the
diagram commute. The only thing to check is that the map is measurable.
We leave this as an exercise. End of categorical interlude.

The collection of sets in a o-algebra can be very complicated and one
often wants different ways of getting a handle on these sets. Two very
powerful theorems that we will use are the monotone class theorem and
the A\ — w theorem. Each of these theorems give alternate ways of getting
to a o-algebra and are useful in showing that various constructions yield
o-algebras. We begin with the monotone class theorem.

The class of o-algebras can be characterised in terms of monotonicity
properties; this will be very useful when we discuss integration. We in-
troduce the following convenient notation. If we have a nested family of
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4X2,21\

® 2o

2

f g
(Xl,El) (X27E2)

Fig. 2.1 Universality diagram for products in Mes.

sets
A CAC...CA,...
with U, A, = A we write A,, T A. Similarly if
A1 DA D...DA,...
with N, A, = A we write 4,, | A.

Definition 2.2 A collection of sets M is called a monotone class if
whenever A, T A with all A,, € M then A € M and also if A, | A with
all A,, € M then A € M.

Clearly any o-algebra is a monotone class and, just as for o-algebras, the
intersection of monotone classes is a monotone class. Thus we can talk
about the monotone class generated by a collection of sets just as we did
for o-algebras. Recall that a field is like a o-algebra except that we only
require finite additivity rather than countable additivity.

Proposition 2.4  Any o-algebra is a monotone class and if a monotone
class is also a field then it is a o-algebra.

Proof. Suppose that ¥ is a g-algebra on X and A; T A with A; € 3.
Then A =|J, 4i, s0 Ae X. If A; | A with A; € ¥, then A} T A° so A°is
in ¥ and hence A is in X. Thus ¥ is a monotone class.

Suppose that M is a monotone class and a field. Since M is a field
() and X are in M and M is closed under complementation. It remains
to show that M is closed under countable unions. Let {A4;]i € N} be a
countable family of sets in M. Define B; = Uj’:1 A;; since M is a field all
the B; are in M. Clearly B; T (U; 4;) hence |J; A; € M. O
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Theorem 2.1 If F is a field of subsets of X then the monotone class,
m(F), generated by F is the same as o(F).

Proof. It suffices to show that m(F) is a field; the above proposition
would then imply that m(F) is a o-algebra. Since o(F) is the smallest o-
algebra containing F we would then have o(F) C m(F); furthermore since
any o-algebra is a monotone class and m(F) is the smallest monotone class
containing F we have m(F) C o(F).

First we show that m(F) is closed under complementation. We define
N :={E € m(F)|E° € m(F)}. Clearly F C N. Now suppose that A; T A
with all A; in M. Then A¢ are all in m(F) with A | A¢, thus — since m(F)
is a monotone class — we have A° € m(F) or A € N. Similarly we can
show that if A; | A, where all the A; are in A/, then A € /. Thus NV is a
monotone class containing F. Since m(F) is the smallest monotone class
containing F we have m(F) C N; by definition N C m(F) so N = m(F)
which means that m(F) is closed under complementation.

For each A C X define M4 := {E|ENA € m(F)}. Suppose that B; 1 B,
with all the B; in My, then (B; N A) T (BN A). Since (B; N A) € m(F)
we have (BN A) € m(F) so B € M. Similarly the other direction can be
established and it follows that M4 is a monotone class.

Now clearly A € Mp if and only if B € M4. If A € F, then My is
a monotone class containing F, hence m(F) C M4. Let E € m(F) and
A€ F,then E € M4, hence A € Mg, so Mg is a monotone class containing
F and m(F) € Mg. Thus given D, E € m(F) we have D € Mg which
means DN E € m(F). Thus m(F) is closed under finite intersection and
we have completed the proof that m(F) is a field. O

The sets in a o-algebra may be complicated. It is often advantageous
to work with a generating collection. For example, it is hard to describe
general Borel sets but it is easy to describe open sets. A particularly simple
kind of family of sets is called a m-system.

Definition 2.3 A 7-system is a family of sets closed under finite inter-
sections.
The open intervals of R form a m-system and they generate the Borel sets.

A structure similar to a o-algebra is called a A-system.

Definition 2.4 A A-system over a set X is a family of sets (i) contain-
ing X, (ii) closed under complementation and (iii) closed under countable
unions of pairwise disjoint sets.
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Like o-algebras the intersection of any collection of A-systems is a A\-system
so one can talk sensibly about the A-system generated by a family of sets.

The following results show the relation between w-systems and -
systems.

Proposition 2.5 If P is both a w-system and a A-system then it is a
o-algebra.

Proof. We have to show that P is closed under arbitrary countable
unions. Let A, be a countable family of sets in P. We define B, =
A, N (ﬂ?;ll AS). Since P is a A-system the (4;)¢ are in P and since P is
a m-system the B,, are in P. Suppose that x € U;A;; let j be the smallest
index such that z € A;, then x € B; but not in any other B; so they are
all pairwise disjoint. Since P is a A-system we have that U; B; € P. Clearly
U;A; = U;B; so P is closed under arbitrary countable unions. O

The main theorem is the following, known as Dynkin’s A — 7 theorem.

Theorem 2.2 If P is a w-system and L is a A-system then P C L implies
that o(P) C L.

Proof. Let A(P) be the A-system generated by P. The strategy is to
prove that A(P) is a m-system and hence a o-algebra. From this it follows
that

P Co(P) CAP)C L.

Let Ly :={B C X|AN B € A(P)}. Now we claim that if A € A(P)
then L4 is a A-system. To see this we verify the properties of an \-system
directly.

ANX=Ae AP)so X isin La. If A€ \(P) then clearly A € L4.

Let B € Ly, ie. ANB € A(P). We need to show that B€ is also in L4,
ie. AN B¢ € A(P). We have assumed that A € A(P). Now A€ is disjoint
from AN B so the union A°U (AN B) is in A(P). The complement of this,
which is AN B¢, is also in A(P). Thus B¢ is in L 4.

Let B, be a pairwise disjoint family in L4 then A N B,, is a pairwise
disjoint family in A(P) so Un(ANDB,) = AN (U, By) is in A(P), hence U, B,
isin L 4. Thus L, is a A-system.

Suppose that A, B € P, since P is a m-system AN B € P C A(P) so
B e Ls. Thus P C Ly and hence A(P) C Ly. If A € P and B € \(P)
then B € L4 so AN B € A(P) which means A € Lg. Thus, for B € A(P),
P C Lpie AP)C Lp. Now suppose A, B € A(P), we have \(P) C Lp,
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so A € Lg, hence AN B € A(P). Thus, indeed A(P) is a m-system, hence
a o-algebra. O

When we introduce measures m-systems will play a crucial simplifying role.

2.2 Measurable Functions

Propositions 2.2 and 2.3 show that o-algebras behave well under inverse
images. Accordingly it is natural to define measurable functions in terms
of inverse images.

Definition 2.5 A function f from a o-algebra (X,Yx) to a o-algebra
(Y,Xy) is said to be measurable if f~!(B) € X x whenever B € Yy

This parallels the definition of continuous function in topology. Tradition-
ally the phrase “measurable function” is used for a real-valued function
but we will use it more generally. Our measurable functions have been
sometimes called “measurable transformations”. If we consider topological
spaces with their Borel o-algebra, then any continuous function is clearly
measurable. However many discontinuous functions are also measurable.

2.3 Metric Spaces and Properties of Measurable Functions

We now consider some special spaces and measurable functions to them.
The most important measurable space is R with the Borel algebra generated
by the usual topology. Unless we say otherwise we shall always mean “reals
equipped with this topology and o-algebra” when we refer to the reals.
The following seemingly easy proposition gives some closure properties of
real-valued measurable functions; it will turn out to conceal a subtlety that
bears further scrutiny.

Proposition 2.6 The absolute value of a measurable function is mea-
surable. The sum and product of two measurable functions are measurable.
The multiplicative inverse of an everywhere nonzero measurable function is
measurable.

Proof. The absolute value function is continuous and hence measurable,
hence the first statement is proved. For the next statement the same ar-
gument should work since +, * : R? — R are continuous. However, what
this proves is that +, * are measurable with respect to the product Borel
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algebra B ® B on R?, which is not a priori the same as the Borel alge-
bra generated by the product topology. In fact it is, but the proof is not
trivial and is the subject of the next proposition. To verify the last state-
ment let R’ be the reals with zero removed; let n : R — R be given by

n(z) = 2. Clearly n is continuous. Given f a nonzero measurable func-

tion we define g(z) = ﬁ According to proposition 2.3 we need to verify
that ¢g~1(O) is measurable only for an open set O in R. Now we have
g 10) =g 1H(ONR') = f~1(n~1(ONR’)); this is a measurable set since

7 is continuous and f is measurable. O

In order to fill the lacuna in the above proof we need a digression into metric
spaces. Metric spaces play a central role in probability theory though one
would not have guessed that from the initial definitions.

Definition 2.6 A metric space with a countable, dense subset is called
separable.

Typical examples are R™. What separability does is give one access to a
countable family of generating open sets

Proposition 2.7  In a separable metric space, say (X, d), there is a count-
able family of open sets H; such that every open subset may be written as
the union of the H; that it contains.

Proof. Let {z;} be a dense subset of (X, d). Define H; ,,, = {z|d(z,z;) <
1/m}, where m is an integer. Let O be an open subset of X and let z be a
point in O. Now there exists an integer n such that the open ball centred
at z and with radius 1/n is contained in O. Since the set {x;} is dense
there is a j such that d(z,z;) < 1/(2n). Then H; , is contained in O and
includes the point z. g

Now we can relate the two Borel structures as required.

Proposition 2.8 Let (X1,d1) and (Xa,d2) be two separable, metric
spaces. Let' Y be the product equipped with the product topology. Then
the Borel algebra of Y, written By, is the same as the product o-algebra

Bi® Bs.

Proof. It is easy to see that Y is also separable; in fact we can construct
the countable family of open sets by taking products of open balls. Thus we
have a countable family of open rectangles which generate the topology of
Y and hence the Borel algebra By . These are all in the o-algebra B ® Bs.
Now any open set is the countable union of these special rectangular open
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sets and thus any open set in the product topology of Y is in B; ® By. Thus
we have that By C B1®B3. Now consider the identity function on Y viewed
as a function between measurable spaces, i.e. iy : (Y, By) — (Y, B1 ® Ba).
This function is the one induced by universality of the product given the
projections onto the components. Clearly the projections are continuous
(by definition of the product topology) and hence measurable, thus the map
1y is measurable. This means that B; ® By C By. O

We now discuss a theorem which shows the striking contrast between
measure theory and topology. We take (X,X) to be a measurable space,
(Y,d) to be a metric space with the induced Borel algebra By

Definition 2.7 Given a family of functions {f, : X — Y|n € N} we
say that the family converges pointwise to f if Vz € X.lim, . fo(x) =

().

Theorem 2.3 If a family of measurable functions {f, : X — Y|n € N}
converges pointwise to f, then f is also measurable.

Proof. We need to show that for an open set O of Y that f~1(0) is mea-
surable. We will describe this set in terms of the f,, and use measurability
of the f,, to establish measurability of f.

Given a subset O of Y and a point y € Y we define a distance function,
also written d, by d(y,O) = inf,co d(u,y). Let O be an open set in Y and
let k be a positive integer, we define

Or = {u € Old(u,0°) > 1/k}.

Now it is not hard to see that the Oy, are open sets?, so we have an increasing
sequence of open sets contained in O with O = UgenOp. In fact we have
Ok C Op1.

Now fix a point = of X. Suppose that x is in f~1(0), then x has
to be in f~1(0y) for some k. We have lim, .o d(f.(z), f(z)) = 0 by
hypothesis. Thus, for ¢ large enough, say Yq > m, we have fq(x) € O. Let
H}, = Ng>mf; }(Or). This set is measurable since all the f, are and the
countable intersection of measurable sets is measurable. Clearly we have
f1(Or) C UL HE . We define G* = U,,, HE , which is also a measurable set
being the countable union of measurable sets. Taking the union over all k
gives f~1(0) = Upf~1(Or) € UsG* & W. Clearly W is measurable. Now
we show that W is in fact f~1(O) to complete the argument. Let u € W,

21t is easy to verify that the complements are closed sets.
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Le. there is an r such that u € G", i.e. there is a j such that v € HJ. Thus
for all ¢ > j we have u € f;'(O,). Thus we have
f(u) = lim f,(u) € O, C O,41 CO.

g—00
Thus u € f~1(0) and W = f~1(0), thus f is measurable. O

This is a very typical argument and is worth ploughing through for that
reason alone. The discussion can be turned around to show that every
measurable function is the pointwise limit of very special functions. This
fact lies at the heart of integration theory.

Definition 2.8 A measurable function is called simple if its range is
finite.

For real valued functions we have the following very important result.

Theorem 2.4 Given a nonnegative measurable function f : X — R
there is a family of simple functions s; such that Yi.s; < s;41 < f and the
s; converge pointwise to f.

Proof. The strategy is to define step functions but on possibly compli-
cated domains obtained by inverse images. For n € N and 1 < i < n2"
define B, ; %' FH(52, 5=]) and F, L #=1([n, c]). Since f is measurable
the sets ' and F are also measurable. We set

i1

S0 =D g XEw T nXE,-

i=1
It is easy to see that the s, are increasing. Suppose that f(z) = r for some
x and suppose that r € [52, 5%]. Then z € E,; and s,(r) = &L < r.

on y gn on
Note that s, stays within 2% of f(x) as n increases so s, converges to f.
If f(x) = oo for some x, then s,(x) = n which will diverge as n goes to
infinity. U

2.4 Measurable Spaces of Sequences

A very important construction that appears repeatedly in computer science
is the construction of a c-algebra on the space of all finite and infinite
sequences over some alphabet. Such spaces of sequences arise as traces of a
process and hence it is a very important example. Such sets of sequences are
typically turned into topological spaces or metric spaces and hence one can
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look at the generated o-algebra. We will, however, construct the o-algebra
directly: this is called the “cone” construction.

First, we fix an alphabet A, which we take to be countable. We write
A for the set of finite and infinite sequences over A. This set comes with
some natural structures. First of all it is a monoid with respect to the
operation of concatenation of sequences with the empty sequence € as the
identity element. We will indicate concatenation by juxtaposition. There
is an order structure: o C 3 is defined to mean that « is a prefix of (.

Now we define a cone to be a set of the form

(a) :=={B:a C B},

where « is a finite sequence, i.e. an element of A*. These cones are the
base for a topology — the Scott topology — much used in domain theory.
The o-algebra generated by the cones is the one of interest.

What are examples of measurable sets? “All sequences with the symbol
a at the seventeenth position” is one example. Why is this measurable?
Note that there are countably many finite sequences with length 17 and
with an @ in the seventeenth position. Take the union of all the cones
generated by all these sequences: this is the set defined in the last sentence
and, being the countable union of measurable sets, is clearly measurable.
Similarly we can fix finitely many positions along the sequence and specify
the element appearing there and let all other positions have any element;
this too yields a measurable set.

2.5 Measures

Measurable spaces or g-algebras are merely the arenas in which measure
theory happens. The key notion of “measure” will now be introduced.
Roughly speaking, a measure is an assignment of size to the sets in o-
algebra. This size is typically a real number but it could be a real number
between 1 and 0, a probability measure, or an extended nonnegative real
number, i.e. one from [0, 0], or even a complex number. These theories
are all slightly different and play different roles in mathematics. For us
the most important case will be probability measure but it is worth seeing
what happens when oo is admitted as a possible value; this is of particular
importance in integration theory.

Definition 2.9 A measure (probability measure) p on a measurable
space (X,X) is a function from ¥ (a set function) to [0, 0] ([0, 1]), such
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that if {A;|i € I'} is a countable family of pairwise disjoint sets, then

plJA) =D mA

el icl

In particular if I is empty we have

1(0) = 0.

A set equipped with a o-algebra and a measure defined on it is called a
measure space.

This property is called countable additivity or o-additivity. 1t is possible
to develop a theory with just finite additivity but many basic results are
counterintuitive.

In the rest of this section we will always consider a set X equipped with
a o-algebra ¥ and a measure pu. We shall always mean “measurable set”
when we just say “set”. We use letters like A, B to stand for measurable
sets.

Proposition 2.9 [Monotonicity and Continuity]

(1) IfAC B then u(A) < ju(B).

(2) If Ay CAs C ... A, C... and U;A; = A then lim;— o u(A;) = p

(8) If Ay D Ay D ... A, D ... and N;A; = A then lim;_ u(A;) = p(A),
if w(Ay) is finite.

Proof. For (1) we note that B = AU (B — A). Thus u(B) = pu(A) +
1B = A) > p(A).

For (2) we define a family of pairwise disjoint sets B; inductively as
follows. We set By = Ay and B;11 = A;41 — A;. Since we have U;B; = A
and the B; are pairwise disjoint, we have, by countable additivity, that
w(A) =3, B;. But we also have A, = JI_, B;, thus u(A4,) = >0, u(B;).
Thus

=

i () = nh;nmzu )= 2 B
A similar argument holds for the third clause though the caveat about
(A7) being finite is essential. O

The following corollary is immediate.

Corollary 2.2 [Convexity] For any countable family of sets B; we have

w(UiB;) < 2, u(Bs).
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The first example looks natural but is pathological and is an important
source of counterexamples.

Example 2.4 For X an infinite set we define a measure on the powerset
of X by setting pu(A) equal to the number of elements of A if A is finite
and oo otherwise. This measure is called counting measure. Many small
variations are possible, such as weighting the points of X differently.

The next example appears artificial but is of central importance.

Example 2.5 Fix a set X and a point x of X. We define a measure,
in fact a probability measure, on the g-algebra of all subsets of X as fol-
lows. We use the slightly peculiar notation §(z, A) to emphasise that z is
a parameter in the definition.

5z, A) 1 ifzeA,
z,A) =
0 ifzgA.

This measure is called the Dirac delta measure. Note that we can fix
the set A and view this as the definition of a (measurable) function on X.
What we get is the characteristic function of the set A, xa.

In order to cope with co as a legitimate value in measure theory we
need to adopt some arithmetic conventions for dealing with it. We decree
that 0- 0o = 0, otherwise we adopt the reasonable rules, a-0co = c0-a = 0
if a # 0 and a + o0 = 00 + @ = co. This choice gives commutativity and
associativity of addition and multiplication as well as unrestricted distribu-
tivity. Furthermore if we have two sequences a,, — a and b, — b we will
have a,, - b, — a - b whatever a or b might be.

A measure space (X, 3, u) is said to be finite if ;4(X) < oo and o-finite
if X can be written as a countable union of sets of finite measure. Finite
measure spaces arise in probability theory but many results actually hold
for the o-finite case and in these notes we will not always assume finiteness.

Proving the Strong Law

We now have the technical tools to prove the strong law . First of all recall
that the sequence space is 2. The o-algebra on (2 is defined as follows. We
consider all sets of form

Ag = {s-s : s a finite sequence, s’ € Q}

where - stands for concatenation of sequences. We consider the o-algebra
generated by these sets. We assign a probability measure Pr as follows.
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For any set of the form A, we associate the probability 2-lensth(s),
Recall that we defined the set A C ) by

The strong law says that the probability of landing in the set A is 1 if we
choose an infinite sequence randomly. It will be more convenient to prove
that FE := A° has probability 0.

Proof.  (Of the strong law) We define the measurable functions X : Q
— R by

Xyl dfsu=H
(6) =
! 0 ifs;=T.

We define the function S, (s) := Z?Zl X(s). Then we can define A as the

set {s : limy—soo 2208 — 13

n
We claim that lim, — oo S"n(s) = 1 if and only if lim;,— 0 —5"1;32(8) =1

To see this, for any n we choose m by m? < n < (m + 1)2, or equivalently,
0 < n —m? < 2m. If we choose m this way we have

Sn Sz 1 1
m ———Sn
- ozt = —5) 5]
In —m?| 1 1 2 2 4
< - i< el
m n.om m  m m

) s
Thus as n,m — oo the difference between S—Tj and =7

we can now work with '”22 in reasoning about F.

The strategy of the proof is to consider sets of sequences, F., where the
asymptotic behaviour is bounded away from 0 by €. The set E is a countable
union of such sets. We will show that each of the E, has probability 0, thus
E will also have probability 0. To show that each E. has probability 0 we
will use the limiting properties of the probability.

We define E, := {s : lim| Sr;yz — 5| > €}. We define

U{ |>6}
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The set EP represents the sequences where the inequality |ST;L"22 — 3| >eis
satisfied at least once for m between a and b. Finally we define
oo
E,=|JE.
b=a

By the basic convexity property we have

b

Pr(E) <> Pr({s:|

m=a

Sz
m2

1
51>,

Now using Chebyshev’s inequality just as we did in the proof of the weak
law we get

As we let b go to infinity and use the fact that for fixed a the family E? is
a nested increasing family of sets, so that by continuity we get

. 1 <1
Pr(E,) = lim Pr(E®) < 12 > —

What does it mean for a sequence to be in a set of the form E,? It means
Smz _ 3| > e is satisfied. Now, by

U m?
the definition of lim to be in E, this inequality must be satisfied infinitely
often, i.e. we have E. = Ny F,. As a increases we get a nested decreasing
family of sets so by continuity again we have Pr(E.) = lim,— o Pr(E,).
Thus

that at some stage after a the inequality |

, 1 < 1
Pr(E.) < ah_r{loo[@ Z W] =0.

The last equality follows from the fact that we are looking at the tails
of a convergent sequence. Thus we have established that for any € > 0,
Pr(E.) =0.

Now consider the set E. This set can be written as the countable union

E:DE

k=1

=

where k is an integer. Thus since each FE 1 has probability 0 we get that E
has probability 0, or A has probability 1. O
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A set of measure 0 is sometimes called a negligible set. They play a
very important role in the theory and one often hears phrases like “almost
everywhere” or “almost surely”. What they usually mean is that something
or other is true except on a negligible set. To be sure the notion of neg-
ligibility depends on the measure so one should be careful in interpreting
such phrases. One very annoying feature of negligible sets is that they may
contain nonmeasurable subsets, whereas we would certainly like to say that
all subsets of a negligible set are negligible as well. This would be true if
we could be certain that all the subsets of a negligible set were measurable.
Fortunately this can be fixed by “completing the measure”. One cannot
just throw in all subsets of the negligible sets but what turns out to work
is to throw in all sets that are sandwiched between two sets of the same
measure. We proceed to make all this precise.

Definition 2.10 A measure space (X, X, u) is said to be complete if
every subset of a negligible set is in X.

Theorem 2.5 Given (X, X, 1), there is a o-algebra, X' O ¥ and a mea-
sure y' on X' such that (X, %', 1) is complete and p(A) = p'(A) for any A
n .
Proof. We define the extended o-algebra as follows

Y = {ZeP(X)3A4,B€S.AC ZCBAuB - A) =0}.

Clearly ¥’ D %, but we need to verify that it is indeed a o-algebra. Let
Z be in ¥'. Then we have A, B as above. Since A C Z C B we have
B¢ C Z¢ C A€ and, of course, A° and B¢ are both in ¥. Also u(A€— B€) =
uw(B—A)=0so0 Z¢is in ¥'. Now suppose that Z,, is a countable family of
sets in ¥/. We have two countable families of sets A,, and B,, both drawn
from ¥ with

Vn.A, C Z, C By, u(Bn — A,) =0.

We set Z = U, Z,, A =U,A, and B =U,B,. Clearly A and B are in X
and A C Z C B. Now (B — A) C U,[B,, — A;,] hence by monotonicity of
measure and convexity we have

w(B — A) < w(Upn[Bn — Ay <Z” = 0.

Thus Z is in ¥’ and we have verified that ¥’ is a o-algebra.
We define u' as follows. First, note that A C B and u(B—A) = 0 implies
that p(A) = u(B). Given A C Z C B we define p/(Z) = p(A) = w(B).
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We need to verify that this is independent of the chosen A and B. Suppose
that we have another pair A’ C Z C B’ with u(B’ — A’) = 0. Now since
B">2Z 2 Aand B2 Z D A, we have u(B') > pu(4) = wu(B) and
w(B) = p(A) = p(B'). Thus we have u(4) = p(A') = p(B) = p(B')
and ' is well defined. Finally we need to verify countable additivity of .
Suppose that we have a pairwise disjoint family of sets Z,, from ¥’. Then
the associated sets A,, are also pairwise disjoint, thus we have

1 (UnZy) = p(UnAn) = ZN(An) = Z.U/(Zn)-

To verify that u’ is complete we proceed as follows. Suppose that Z € ¥/,
Z' C Z and that we have u/(Z) = 0. Then we have sets A, B € ¥ with
A C Z C B and with p(B) = 0. Now we have ) C Z' C B, thus Z’ is in ¥’
and has p/-measure 0. O

Remark 2.1 The word “completion” is not a very good choice. It sug-
gests that the completion is unique® but it is not in fact. It is possible to
give simple (finite) examples where the completion process can be further
extended. What is true is that the completion process described in the proof
above, if carried out a second time, would yield no new sets.

Given a measure space (X, X, u) one often implicitly talks about the
completion with respect to p rather than the given o-algebra. It is con-
ventional when talking about the reals to use the phrase “Borel field” or
“Borel sets” to refer to the o-algebra generated by the open intervals, and
the phrase “Lebesgue measurable sets” to talk about the sets that arise
from the completion process above with respect to the standard Lebesgue
measure, defined below.

2.6 Lebesgue Measure

We now proceed to construct the most important single example of a mea-
sure, the Lebesgue measure on the real line. We want a notion of measure
on the real line to assign the familiar notion of length to intervals. This
simple requirement immediately brings us face-to-face with the technical
subtleties that lie at the foundations of set theory.

Theorem 2.6 [Vitali] Assuming the axiom of choice, there is no mea-
sure on the real numbers which is translation-invariant, assigns a measure

3Indeed some reputable books say that it is.



30 Labelled Markov Processes

to all sets and which assigns a nonzero value to the interval [0, 1].

We defer the proof to the end of the section in order not to interrupt the
flow of ideas.

Let us start naively. We would like a measure which agrees with the
usual notion of length of an interval. Recall that [0, o] is a complete lattice
so we can take lubs and glbs as we please. Let us call our putative measure
m and we begin by trying to define it on all subsets of R. We begin as
follows

m((a,b)) = m((a,b]) = m([a, b)) = m([a,b]) =b—a

where a and b are real numbers. If we have a pairwise disjoint collection of
intervals {I;|k € K} we define

m(|J ) =) ml)

kelC kelC

as suggested by the countable additivity requirement. It is not hard to
check that m does not depend on how we partition a set into disjoint in-
tervals. Now suppose that we have an arbitrary subset A of R. We define
a putative measure p* as follows. Let S be a family of intervals that cov-
ers A. We set pu*(A) to be the infimum over all families S that cover A,
of m(S). This is indeed defined on all subsets of R. Unfortunately it is
not a measure because it is not countably additive. Nevertheless it is an
interesting set function which will be the basis of our construction of the
Lebesgue measure.

As a prelude let us calculate p* for some sets. Clearly p*([a,b]) =b—a
and p*(R) = co. We claim that p*(Q) = 0 where Q is the set of rational
numbers. Let € be any positive number, we will cover the rationals with a
family of intervals of total length €. Let rqi,72,... be any enumeration of
the rationals. Consider the family of intervals

€ € € € € €
{[r1 — e + Z]’[TQ - g,r2—|— g],...,[rj ~ 5 + W]’}
which cover the rationals and have total length e. Thus the inf is clearly
0. This calculation depends very much on the rational being countable
and shows that p* is 0 is zero for any countable set. However there are
uncountable sets which get assigned 0 by p*; the reader is invited to check
this for the Cantor set.
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What properties does pu* have? It is clearly monotone but not countably
additive. We claim that it satisfies the convexity property

(UA) < (4)

where {A4;} is a countable family not necessarily pairwise disjoint. To see
this we adopt a common trick in analysis. We want to prove that some quan-
tity, say K, is less than some other quantity, say L, both defined through a
limiting process. It is often easier to prove the equivalent statement that for
any €, no matter how small, K < L +¢; the € gives one room to manoeuvre.
We proceed as follows. Suppose that one does have an arbitrary positive e.
Since px is defined as the infimum of m over all covers we can find a family of
intervals Z; covering A; with m(Z;) < p*(A1)+ §. We have written m(Z;)
as a shorthand for the sum of the lengths of all intervals in the family 7.
Similarly we can find a family Z,, covering A, with m(Z,) < p*(An) + 5=
Notice how we have used the ¢; normally we would use the definition of
u* as an inf to conclude that p*(A1) < m(Z1) (which is, of course, true
but useless) but the extra “room” given by the epsilon allows us to get an
inequality in the reverse direction. Adding up all the inequalities we get
m(Z) < >, w*(A;) + € where the family Z is the union of all the families
T,. Clearly T covers U; A; so pu*(U;A;) <m(Z) <> p*(4;) + e. Since this
holds for any e we have p*(U; A;) <>, 1™ (As).
We abstract out the properties of p* in a definition.

Definition 2.11 An outer measure on a set X is a set function p*
P(X) — [0, 00], defined on all subsets of X, such that

(1) p*(0) =
(2) ACB= u *(A) < p*(B) and
(3) for any countable family of subsets of X, say {A;}, we have

w (U 4;) < Z (A

We have shown that the example p* we have constructed on the reals is an
outer measure. This is still not a measure, but it is defined on all sets. It
turns out that there is a general construction which produces a o-algebra,
and a measure defined on it, from an outer measure; the o-algebra will not,
in general, be the collection of all sets. We have to choose those sets that
behave nicely with respect to the outer measure when we take complements.
Roughly speaking, the o-algebra consists of those sets which can be used
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to “split” any other sets. Applied to our example it produces the Lebesgue
measure.

Theorem 2.7 Let X be a set and let p* be an outer measure defined on
X. Denote by ¥ the collection of all subsets, say A, such that for every
subset E of X we have

W*(E) = 1 (AN E) + 5" (4° 1 E).
For all A in ¥ define u(A) = p*(A). Then (X,%, 1) is a measure space.

Proof. Tt is trivial to verify that () is in 3 and that X is closed under
complementation. In order to verify countable additivity we first verify
finite additivity.

Suppose that A, B € ¥. We have, for any subset F of X,

p*(E) =p (AN E)+ p*(A°N E)
=p*(ANBNE)+p*(ANB°NE)+ pu*(A°NE).
Now we note that

ANB®=(ANDB)°N A, hence
(ANB)NE=((AnB)*NA)NE, hence
(ANB)NE=((ANB)*NE)NA.

Similarly we have

ANE=((ANB)NAYNE=((ANB)*NE)N A°.
Using these set-theoretic identities to rewrite the last two terms in the expression
for p*(E) we get

pw(E)=p"(ANBNE)+pu* (ANB)*NE)NA) + p* (AN B)*N E)N A°.
Using the fact that A is in ¥ we can combine the last two terms

W E)=p (ANBNE)+p*((ANB)*NE).

The last equality shows that AN B is in X. Now an easy induction shows
that ¥ is closed under finite intersections (and hence unions too). We have
shown that ¥ is a field and hence a w-system.

We next show that ¥ is closed under countable unions using essentially
a limiting version of the finite additivity argument. Note, however, that
it suffices to prove this for pairwise disjoint families because of the A — 7
theorem. We already know that X is a m-system so if we show that it is a
A-system that will establish that it is a o-algebra.

In this case we can use the following simple identity. If A, B are disjoint
sets in ¥ and F is any set then

W(AUB)NE)=p"(ANE)+u"(BNE).
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This is an easy exercise and trivially extends to any finite pairwise disjoint
family. Suppose that we have a countable pairwise disjoint family {4;|i €
N} in ¥. The union of any finite subfamily, in particular {4;[i < n}, is in
2.

Using the defining property of ¥ for any set E we have
1(E) = p* (U2, A) 0 E) + (U, A,)° N B)
repeatedly using the simple identity of the last paragraph we get
= Y (A N E) 4 (U A N B).
Now we use monotonicity of u* to get
() = S0 it (A 0 B) + (U2, A)° 1 E).
Since this is true for any n € N we have
() = S, wt (A 0 B) + (U2, A)° 1 E).
Now using subadditivity of outer measures we get
> (U2 Ai) N E) + (U2, A N E)
and subadditivity again gives
> (E).

All these inequalities must therefore be equalities and we have
pi(E) = p (U2 4) N E) + p (U2, 4)° N E)

which establishes that U;A; is in . Thus X is indeed a o-algebra.

We need to show that pu, i.e. p* restricted to the sets in X, is countably
additive, i.e. is a measure. In the preceding calculation we have a countable
pairwise disjoint family {A;} of sets in X. We take F to be U;A; in the
equation

w(E) = 3 1 (A N E) + (U2, A)° N B)

i=1
to get
)
(U A;) = ZM(Ai)
i=1
where the second term drops out since it is just p* of the empty set. O

The theorem just proved allows one to cut down an outer measure de-
fined on all sets to a measure defined on a o-algebra. Sometimes one has
a measure already given on a c-algebra and wants to know whether it is
unique. The next proposition says that if two measures on a o-algebra
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agree on a generating m-system then they are the same. This is very useful
as it is much easier to work with the 7-system rather than the generated
o-algebra.

Proposition 2.10 Suppose that P is a w-system on a set X and o(P)
is the o-algebra that it generates. Let P and @) be two probability measures
on o(P) such that P and Q agree on all the sets in P, then P and Q agree
on all of o(P).

Proof. We will show that the collection of sets on which P and @ agree,
say A, form a A-system. From this and the A — 7 theorem we get the result
immediately because the assumption P C A implies o(P) C A.

Note first of all that A C o(P) since P and @ are only defined on sets in
o(P). Since P and @ are probability measures we have P(X) =1 = Q(X)
so P and @ agree on X. If A € A, ie. P(A) = Q(A), then P(A°) =
1-PA) =1-Q(A) = Q(A°) so A° € A. If Ay, A5... € A and they are
pairwise disjoint then — since P and @ are measures and all the A; are in
o(P) and pairwise disjoint —

PU;4;) = ZP(Ai) = ZQ(Ai) = QUi A;).

Thus U; A; is in A. This completes the proof that A is a A-system. O

The last proposition requires us to know that we are working with mea-
sures. Another very useful type of theorem constructs a measure on a
o-algebra by starting with data on a restricted family of sets that generate
the o-algebra. We state a typical theorem of this kind.

Definition 2.12 A family F of subsets of X is called a semi-ring if

(1) beF,

(2) AABe F=ANB e F and,

(3) if A C B arein F then there are finitely many pairwise disjoint subsets
Cy,...,C, € F such that B— A = UleCi.

This is not the form of the definition that one is used to in algebra because
of the strange last condition but this is precisely the property that holds
for “hyperrectangles” in R"™.

Theorem 2.8 Suppose that F is a semi-ring on X and p: F — [0, 00]
satisfies

(1) w®) =0,
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(2) w is finitely additive and
(8) w is countably subadditive.

Then p extends to a measure on the o-algebra generated by F.

The proof of this theorem may be found in a standard text on probabil-
ity and measure, for example the books by Kingman and Taylor [KT66],
Billingsley [Bil95] and Ash [Ash72]. The intervals on the reals form a typical
example of a semi-ring and the length function satisfies the conditions of the
theorem so this extension theorem gives another construction of Lebesgue
measure.

2.7 Nonmeasurable Sets

It is easy to give artificial examples of nonmeasurable sets. In this section
we give a construction due to Vitali which produces a nonmeasurable subset
of the reals.

Theorem 2.9 There are Lebesgue nonmeasurable subsets of the real line.

Proof. Let R stand for the real line. We define an equivalence relation
on R as follows. We say = ~ y for z,y € R if z — y is rational. Note that
for every x in R there is a y € (0,1) with z ~ y. Let E be the set obtained
by choosing from every ~ equivalence class one element in (0, 1). We claim
that such an F cannot be measurable.

Now let E + r stand for the set {x + r : € E} where r is a rational
number. Now if r, 7" are distinct rational numbers the sets £ +r and E +7’
are disjoint. Furthermore for any z in (0, 1) there is some rational number
r € (—1,1) such that x € E 4 r. To see this note that for any x in (0,1) we
have an element of E, say u, with  ~ u. Now let r = x — u, which must
be a rational number. Then « € E +r. Since both x and u are in (0,1) we
must have r € (—1,1).

Now consider the countable union

S = U E+r

re(—1,1)

where the r are all rational. The set S contains the open interval (0,1)
and is contained in the open interval (—1,2). Furthermore all the E +r are
translates of E. Thus if u is any translation-invariant measure on R we have
u(E) = p(E+r) for any . Suppose that u(E) = « then pu(S) = X,c(—1,1)
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which is either 0 (if u(E) is 0) or oo. Now it is clear that

,U((Ov 1)) < ,U(S) < M((_lv 2))

If in addition we want p to agree with the lengths of intervals we have
1 < u(S) < 3. But this contradicts (S) = 0 or co. O

The manifest use of the axiom of choice raises the question of whether
there are models of ZF which do not validate the axiom of choice and for
which all subsets of the reals are measurable. One can drop the axiom of
choice and construct models of ZF set theory in which the axiom of choice
is false and all subsets of the reals are Lebesgue measurable. On the other
hand the resulting universe has some rather unpleasant properties. For
example the reals can be expressed as a countable union of countable sets.
If we want a healthier model one can try to construct models satisfying the
principle of dependent choice (DC) which is a little weaker than the axiom
of choice. Solovay [Sol70] has indeed constructed a model of ZF set theory
with DC such that all subsets of the reals are measurable. His construction
is based on the assumption that there exists an inaccessible cardinal. The
real point is that we are not likely to encounter nonmeasurable sets in the
course of normal mathematical activity, but one has to be aware that they
exist. A good discussion of these matters is in the book Lectures in Set
Theory by Jech [JecT1].

2.8 Exercises

(1) Prove Proposition 2.1.
(2) Prove Proposition 2.2.
(3) Prove Proposition 2.3.
(4) Is there an infinite o-algebra with only countably many members?
(5) Suppose that (X, X, ) is a measure space and Aj, As € ¥. Prove that
p(Ar U Az) < p(Ar) + p(Az).
(6) Suppose that A3 C As C ... C A, C ... are all measurable subsets of

some measure space. Prove

Jim p(An) = p(Ui i)

Use this to prove a countable version of the convexity result of Part 2.
(7) Give an example (finite please!) of a set and o-algebra and a measure
such that the completion with respect to the measure can be consis-
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tently extended to yet more sets.

Prove that the Cantor set has Lebesgue measure 0.

Prove that there are only N; Borel sets but Ny Lebesgue measurable
sets.

Prove the “simple formula” used in the proof of Theorem 2.7. If A, B
are disjoint sets in ¥ and FE is any set then

wW(AUB)NE)=u"(ANE)+u"(BNE).

Show that the measure space produced by Theorem 2.7 is complete.
Suppose that X is an uncountable set and p* is an outer measure on
X. We define p* by

y 0 if E is countable
p(E) = {

1 otherwise.

Describe the measurable sets and the measure.
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Chapter 3

Integration

In this chapter we study Lebesgue integration and its relationship to the
more familiar Riemann integration. In fact the two are intimately related.
Before embarking on the formal study of integration it is worth recalling
Lebesgue’s own imagery for the difference between the two integrals; the
following is taken from a lecture he gave on the origins of the Lebesgue
integral.

Imagine a shopkeeper who keeps track of the money he receives in the
course of a day. He could keep track of it by maintaining a running total
as he receives the money or he could keep track of it by tossing the various
coins and notes in bins and add up the totals later. The latter allows his to
deal with money coming in much more quickly and is not affected by the
money coming in an irregular fashion. The former method corresponds to
Riemann integration while the latter to Lebesgue integration.

In Riemann integration we approximate the integral, say f; f(z)dz by
sums of the form ), f(x;)(x;—x;—1). We divide up the domain; the interval
[a,b] is partitioned by the z;. Now this notion of integration is intuitive,
has a strong constructive flavour and is the basis of all the approximation
schemes that one encounters in numerical analysis. The main defect is
that the function f cannot vary “too wildly”. In Lesbegue integration one
partitions the range. Now the functions can vary much more wildly, but
the sets involved can be much more complicated that intervals; they can
be arbitrary measurable sets.

It might seem that the whole point of Lebesgue is to integrate patholog-
ical functions. How likely are these functions to arise in practice? Actually
the real reason for the predominance of the Lebesgue integral in modern
analysis is that it has a much smoother theory. In particular, under quite
general conditions one can interchange limits and integration, i.e. is some

39
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appropriate sense Lebesgue integration is “limit preserving” but Riemann
integration is not.

In this chapter we will approach the Lebesgue integral fairly abstractly,
i.e. we will not need details of Lebesgue measure in order to define it. We
will also discuss the relationship between the Lebesgue integral and the
Riemann integral.

3.1 The Definition of Integration

How do we divide up the range? Recall the simple functions which we
introduced at the end of the last chapter. These are measurable functions
whose range is a finite set; thus they serve to define a finite partition of the
range space. They will be the functions that we start our definition with
and from there we extend to the general measurable functions by a limiting
process. Recall that all measurable functions are limits of sequences of
simple functions.

Suppose that we have a simple function from the reals to the reals, say
s, whose range is the set {ai,...,a,}. We define Vi € {1,...,n}.4; def
s71(a;). The A; are measurable sets if s is a measurable function but
they could be quite complicated otherwise; far more complicated than the
intervals that arise in Riemann integration. The natural definition for the
integral of s is

/3 dp = Z aip(A;)

where p is Lebesgue measure. This pleasant picture is complicated by
questions of well definedness immediately. What if p(A;) is infinite and
a1 > 07 It is reasonable to assign the value oo to the integral in this case,
but what if, in addition, u(As) = co and ag < 0?7 Thus it is entirely possible
for a function to be measurable but not have a sensible integral.

Definition 3.1 We say that a simple function s is integrable if whenever
a is in the range of s, a # 0 = p(s~1(a)) < oo.

It is possible to define integrable to mean that the sums arising in the defi-
nition of the integral are well-defined but the present definition is the usual
one in the analysis literature. We can now make the proposed definition
above official.

Definition 3.2  Suppose that (X, 3, i) is a measure space and that s : X
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— R is an integrable, simple function with range {a1...,a,}. We say
that the integral of s over X with respect to the measure yp is [ S =

Z?:l aip(s (ai))-

Before we move on to the definition of the integral of more general
functions we need to observe some possible pathologies that have to be
dealt with. Consider, for definiteness, functions from R to R. We might
try to make use of the fact that every measurable function is the pointwise
limit of a sequence of simple functions to define the integral of general
measurable functions. Now suppose that we have the family s;(x) = 1 if
x is between ¢ and i + 1 and 0 otherwise. The limit of this family is the
everywhere 0 function whose integral should certainly be 0. However the
integral of every function in the family is 1. It is important therefore that
we use approximation from below. Thus if we have an increasing family of
simple functions s1 < ... < s; < s;41 < ... with f as the supremum we
can hope to define the integral of f as the limit of the integrals of the s;.

Now consider the function % We would like to say

R |
/—00—14‘532 der = —.

Unfortunately if we use our notion of approximation by simple functions
from below, a simple function below this function could be everywhere large
in absolute value and negative, and hence not integrable. Thus it is clear
that we should try to approximate negative functions from above and posi-
tive functions from below. A general function has to be split into its positive
and negative parts and have the integrals defined separately for each part.

For the rest of this section we fix a measure space (X,X, ). When
we say “real-valued function” we mean a measurable real-valued function
defined on X. Suppose f is a real-valued function defined on X. We write
f+(x) = max(f(x),0) and f_(z) = max(—f(z),0); clearly both fi and
f— are measurable if f is.

Definition 3.3 Suppose that f is an everywhere nonnegative real-valued
function. We say that f is integrable if the everywhere nonnegative simple
functions less than f are integrable and their integrals are bounded. If f is

integrable we define
/ fu=1Uu / S
X X

where the sup is over all nonnegative simple functions below f. If we have
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a measurable function g which takes on both positive and negative values
we say that g is integrable if both g, and g_ are integrable and we set

/gu=/g+u—/g—u-
X X X

Example 3.1 We take as our measure space (X, X, ;) where d, is the
Dirac measure concentrated at the point z of X. Let f be any nonnegative
real-valued function. We claim that

/X ds, = f(x).

Note that the simple function s(z) = f(x) and 0 everywhere else is a simple
function below f. The integral of s wrt d, is f(x). Furthermore any simple
function ¢ below f has the integral ¢(z) < f(x). Thus the sup of the
integrals of all the simple functions below f is precisely f(x).

The next example is the standard advertisement for the superior generality
of the Lebesgue integral.

Example 3.2 Let f :[0,1] — R be given by f(z) = 0 if = is rational
and f(x) =1 if = is irrational. This f is in fact a simple function, in fact
it is even the characteristic function of a measurable set. Thus its integral
is just the measure of the irrationals between 0 and 1 which is 1.

One has to be careful about how the word “integrable” is used. Its use
suggests that a function that is not integrable cannot have a sensible integral
assigned to it. The definition is rather conservative and often people would
like to say that certain integrals are defined but “divergent”. Thus, for
example, it is common to say that ffooo ldz = oco. One uses the phrase
“has a definite integral” for the less stringent statement. Thus one says
that the function Az.1 is not integrable but has a definite integral between
—o0 and oo of co.

Example 3.3 The identity function on the reals is measurable (even
continuous) but not integrable. This is a more troublesome example. A
so-called pragmatic view of this is that the integral is 0; for example one
can argue by symmetry. While this is what physicists and engineers usually
say, the correct statement is that this function is not integrable and does
not have a definite integral over the given range.
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3.2 Properties of the Integral

Now we can prove some basic properties of the integral. It is customary
to introduce the notation [ 4 Ju for the integral of f restricted to the mea-
surable subset A of X with the induced measure. In the next proposition
functions and integrals are always on X and f,g are used for integrable
functions.

Proposition 3.4

(1) IfO< f<gthen [ fu< [ gp.
(2) If 0 < f and 0 < ¢ is a constant then [cfu=c [ fpu.
(3) fA frn= fX fxap where x a is the characteristic function of A.

The proofs are elementary and are left to the exercises. The last is a triv-
iality. The next proposition is the first step towards establishing linearity
of the integral.

Proposition 3.5 Let s,t be simple integrable functions. Then

/(s+t)u:/su+/tu.

Proof. Let A be a measurable set, s any simple integrable function and
define ¢(A) = [, sp. Then ¢ is a measure. To see this recall that any
simple function can be written in the form of a finite sum

n
S = E a; X A;
=1

where for definiteness we assume that the a; are distinct. Now suppose that
C = UjenC; where the C; are pairwise disjoint and measurable. We have

#(C) =i ain(A4nC)
= Z?:l a; Z]Oil n(A; N Cj)
=21 i ai(A; N Cy)
=221 ¢(C)

where the first equality is by definition of ¢, the second by countable addi-
tivity, the third by absolute convergence and the fourth by definition. Thus
we have shown that ¢ is countably additive.

Let ¢ be written as ¢t = Z;nzl bjx B, where the b; are all distinct. Let
Cij = A;NBj. The sets Cy; form a partition of X. Now s+ is simple and
integrable. Thus (D) = [, (s + t)u is a measure. Thus we can write
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fx(s +t)u= Zi,j fcij (s+t)u
=2 (i +b;)u(Cis)
Ei,j(fcij sp+ fc,;j tp)
= (Z” fc” sp) + (Z” fc,ij tp)
= Jxsu+ [x tu 0

We are now ready to prove one of the most important theorems in
integration theory and the most useful for our purposes. This theorem is
Lebesgue’s monotone convergence theorem and represents perhaps the most
striking difference between the Riemann integral and the Lebesgue integral.
Roughly speaking it says that the integral of the limit of a sequence of
functions is the limit of the integrals of the individual functions. There are
several theorems like this and some, for example the dominated convergence
theorem, is more general and more useful in classical analysis, but the
starting point of all such theorems is the monotone convergence theorem.

Theorem 3.6 [Monotone convergence theorem] Let {f,} be a se-
quence of measurable functions on X and suppose that

(1) Ve € X.0< fi(x) < fa(x) < ... <
(2) Vo € X. Uy, fn(zx) = f(x).

Then f is measurable, and Uy, [y fop = [y fi.

Of course we already know that f is measurable, it is only asserted here
to ensure that the subsequent statement is sensible. Usually one states
this with limits rather than sups, the choice is a matter of taste. We
work with the complete lattice [0,00] so that we might be dealing with
functions that are not integrable but do possess a definite integral. For
everywhere nonnegative functions, having a definite integral is the same as
being measurable.

Proof.  We know that Vn. [ fop < [ fuso K Un [ fart < [x fie.
We need to prove that K > [ fu. The latter is also a sup, [, fu=U [ sp
where s stands for a simple function below f. Thus if we can prove that
for any simple function s < f [ sp < K we will be done.

What we shall prove is that for any number ¢ in the interval (0,1) we
have ¢ [ + 8 < K from which the required inequality immediately follows.
Accordingly we fix such a ¢ and a simple function s. We define the sets

Vn.A, = {z|fn(x) > c-s(x)}.
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These are clearly measurable sets and Vn.A,, C A,y since the f, form
an increasing sequence. Now we claim that U, A, = X. Let x € X be
arbitrary. Since ¢ < 1 we have c¢- s(z) < f(z) if f(z) > 0. Since U, fn(z) =
f(x) there is some m such that f,,(x) > ¢ s(z) and hence x € A,,. If
f(x) =0 then clearly ¢- s(x) =0 and z € A;. Now we clearly have

/anuZ/AnanZC/Xsu-

If we take sups of both sides on the left we get K and on the right we have
that U, A, = X, thus

ch-/su.
X O

It is worth noting how the constant ¢ is used to make the A, big enough
to cover X. We have the immediate corollary

Corollary 3.7 If we have f and f, as above and A is any measurable
subset then [ fr="U [5 sp.

The next theorem is a basic useful fact but the real point of discussing it
now is to exhibit a paradigmatic proof strategy for using the monotone con-
vergence theorem. Let T : (X,Xx) — (Y, Xy) be a measurable function.
A measure p on X induces a measure v on Y by the formula v = o T~
fX=Y,YXx =Xy and p=v we call T an ergodic transformation.

Proposition 3.8 If we have X,Y,T as above and f : Y — R is measur-

able and B € Xy then
[ getu=[ g
T-1(B) B

in the sense that if one integral exists then so does the other and they are
equal.

Proof.  Suppose that f is the characteristic function of some measurable
set C. Then f oT is the characteristic function of the set T=1(C). The
left hand side of the above equation is then wu(T-1(C)NT~Y(B)). But
this is equal to p(T~1(B N C)) = v(B N C) which is precisely the value
of the right hand side. Since the integral is linear on simple functions
and any simple function is a linear combination of characteristic functions,
the required equation holds for any simple function. Now consider any
nonnegative function f. We have f = U{s|0 < s < f}. The monotone
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convergence theorem says that || gfr=2u / p sV, while the fact that s is
simple allows us to conclude that fB sV = fT*l(B) soTu. Now we also note
that Uso T = f oT. Putting all these together we get the required result.
For f not nonnegative we can easily apply these arguments separately to
the positive and negative parts. O

This proof is paradigmatic. In fact this pattern is so closely followed that
one can omit the details and just invoke the pattern of this proof as a kind
of “mantra”. When I say “monotone convergence mantra” henceforth I
mean exactly this pattern. A few exercises will familiarise any readers with
this proof and then they will be able to recognise occurrences of this pattern
easily. A typical application is to prove that integration is indeed linear for
integrable functions, not just for simple functions.

Proposition 3.9 If f and g are measurable functions then

[t +an= [ su+ [an

The proof is left as an exercise.
The most important theorem relating limits and integration is
Lebesgue’s dominated convergence theorem. We state this without proof.

Theorem 3.10 Let f, and g be integrable functions such that
vn'fnl <g and nh_r>noofn = f.

Then f is integrable and

This allows one to deal with sequences of functions that are not monotone
increasing. However this theorem follows essentially from the monotone
convergence theorem.

3.3 Riemann Integrals

In this section we discuss the relationship between the familiar Riemann
integral and the Lebesgue integral. Consider real-valued functions defined
on a closed interval [a, b].
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Definition 3.11 We say that such a function f is Riemann-integrable
with Riemann integral a if
n
Ve>0da=ay<a1 <ax <...<ap= b.|(Zf(xi)(ai —a;—1)—a| <e
i=1
whenever x; € [a;—1, a;].

Note the way the definition is couched in terms of dividing up the domain
of the function.

Example 3.4 Suppose that the interval is [0,1] and the function is
f(x) = z. To verify that the integral is % we proceed as follows. Given an e
we choose the a; = %, SO aj — Gi—1 = % We maximise the sum by choosing
x; = a; and we minimise it by choosing z; = a;_1. Easy calculations then
show that

- 11 1

;f(xi)(ai — ai,l) S [% — %, 5 + %]

In other words by choosing n > 2 and dividing up the interval uniformly

we get the required inequality with a = %
The next example is a contrast with the Lebesgue case.

Example 3.5 We again consider a function defined on [0,1]. Suppose
that f is 0 if = is rational and 1 if x is irrational. The Lebesgue integral of
this function is 1; we shall argue that the Riemann integral does not exist.
Let us choose ¢ = % Let the a; be chosen arbitrarily. Any of the intervals
[a;—1,a;] will contain both rational and irrational numbers. Choosing only
rationals we see that the sum is zero while choosing only irrationals the
sum is 1. Thus whatever o might be there is no way of forcing the sum to
be within € of « for all choices of the x;.

This example shows the role played by continuity. If f is too “wild” we
cannot constrain the values of the sum by confining x to small intervals.

Theorem 3.12  Let f be a bounded function on [0,1]. The function f is
Riemann-integrable iff the set of points at which f is not continuous has
Lebesgue measure 0.

Proof.  We first define a function F’ which “measures how discontinuous
fis.” For a fixed x € [0, 1] we define

F(z) = lim supy oo{|f() = f(@")] : |# = 2], ]2 — 2" < e}
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The sup is defined since f is bounded and the sup decreases as € — 0 so
the limit is defined. Clearly if f is continuous at x, F'(z) = 0. At a point of
discontinuity of f, F is the value of the jump in the value of f, well-defined
since f is bounded. We define Fs = {x : F(x) > ¢}. The set of all points
where f is discontinuous is D = U;Fys.

Let us assume that f is Riemann-integrable. We claim that for all §
the set Fs has Lebesgue measure 0. To see this we fix a §. Now for any
€ > 0 we can find a; as required by the definition of Riemann-integrable.
Now suppose that I is the subset of {1,...,n} such that that every interval
[a;—1,a;] with ¢ € I, contains a point of Fj, then the entire sum in the
definition of the Riemann integral can vary by at least 0 - >, ;(a; —a;—1).
But since f is Riemann-integrable we must have this sum bounded by 2-e.
Thus Y, (a; —ai—1) < 3. Now Fj, except for finitely many points (some
of the a; may be in Fj), is contained in intervals of total length 2756. Thus
the outer measure of Fjs is less than %, which is only possible for all € if
the outer measure, and hence the Lebesgue measure, of Fjy is 0.

Now D is contained in the union of countably many sets of measure 0

DgUF2_1j,
J

and thus has measure 0.

To argue the other direction we use compactness. Essentially we have to
show that we can construct a partition such that we can make the variation
of the sum appearing in the definition of the Riemann integral as small as
we please.

Recall that closed and bounded subsets of R are compact. We claim
that Fj is always closed. Suppose that we have a convergent sequence {z;}
in Fs and that the sequence converges to . We need to argue that x is in
Fs. Any open neighbourhood of x contains some point x;, i.e. some point
of Fs, so in any neighbourhood of z, the variation of f is at least §. Thus
x € Fy.

Since by assumption Fs has measure 0, it can be covered by a family
of open intervals of total length less than any specified e. Since Fy is
compact, a finite number of these intervals suffice to cover F5. Without
loss of generality we can take these intervals to be disjoint since the union
of two overlapping open intervals is an open interval. We call these intervals
Aq..., A, Wedefine B = (U; 4;)¢; clearly B is closed hence compact. Also
F takes on values less than § on B. We can therefore find finitely many
open, disjoint intervals that cover B; we call these B intervals.
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We construct a partition which bounds the variation in the sum appear-
ing in the Riemann integral as follows. We order the end points of the A
and the B intervals in order to define the partition. The intervals may over-
lap and we may overestimate the variation but we will bound this estimate
in the right direction. The variation in the value of the sum just taken over
the A intervals is 2Me (where M is the bound on the value of f) since their
total length is bounded by e. The contribution to the variation of the sum
coming from the B intervals is . The total length of the B intervals may
be 1 but the variation cannot be more than §. Thus the overall bound we
get is  + 2Me. Since we can choose both § and € to be arbitrarily small
we can make the variation in the sum appearing in the definition of the
Riemann integral arbitrarily small. O

The Riemann integral and the Lebesgue integral are intimately related.
As the above theorem shows Riemann-integrable functions are characterised
by Lebesgue measure properties of the discontinuities. A more intimate tie-
up is revealed by the Riesz representation theorem. This very important
theorem is beyond the scope of these notes but we can outline the ideas. The
space of continuous functions on a closed interval forms a topological vector
space'. The vector space structure is evident, the topological structure
comes from the sup norm. Now Riesz’s theorem says that any continuous,
linear functional, say A, on this space can be represented by a measure p,

in other words one can find a measure p such that

Ag) = [ f

For example the functional that evaluates a function at a point is rep-
resented by the Dirac measure. All continuous functions are Riemann-
integrable so the Riemann integral defines a continuous linear functional.
The measure that corresponds to this functional is precisely Lebesgue mea-
sure. In many books Lebesgue measure is first constructed this way.

3.4 Multiple Integrals

A very basic result in integration is the ability to treat double integrals as
iterated integrals and to change the order of integration of the latter. The
basic result, which says that under very general conditions one can do all

Tt also forms an algebra and various other things, but we concentrate on the TVS
structure for now.
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this, is called Fubini’s theorem. In order to treat this we need a little more
measure theory. We see that some of these basic facts are proved by using
integration, in particular the monotone convergence theorem.

We first need to define measures on product spaces. Given two measure
spaces (X,Xx,u) and (Y,Xy,v) we want to define a measure on (X x
Y, ¥x ® ¥y). We call a set of the form A x B, with A € ¥x,B € Xy, a
measurable rectangle. We can define a measure p on Y x ® Xy by starting
with p(A x B) = u(A) - v(B). We use our usual conventions for arithmetic
with co. Now in order to define a measure we need to know that p is
countably additive.

Proposition 3.13  p is countably additive on the collection of rectangles.

Proof. Suppose that we have a countable pairwise disjoint family of
rectangles A,, X B,, such that there exist A and B with A x BU,, A, X B,.
We work with characteristic functions, thus we have

XAXB = Y _ XA, XB,-
n
Now for fixed z we have on each side a measurable function of y. Integrating
wrt y using the measure v gives the equation

xa(@v(B) = xa, (@)v(By).

This is immediate from countable additivity of v. Now we can integrate
with respect to  using u to get

(AW (B) = 3 u(A)v(By)

where we have used linearity of the integral and the monotone convergence
theorem in the usual way. O

The rectangles form a semi-ring thus Theorem 2.8 says that p extends
to a measure on the o-field generated by the rectangles. However, this
extension is not unique. The key property needed to guarantee uniqueness
is o-finiteness ; i.e. the measure space is the countable union of sets of finite
measure. In probability theory this condition is usually satisfied.

We are now ready to show that we have a wunique product measure
when the measures in question are o-finite. It turns out useful to work
with monotone classes. We follow the general pattern of the monotone
convergence mantra and begin by showing that we can invert the order of
integration for characteristic functions.
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Proposition 3.14  Suppose that (X,X,;, ) and (Y,Xy,v) are measure
spaces such that p(X) < oo and v(Y) < co. Let

Fr¥Ecx ><Y:/[/XE(x,y)u]l/z/[/XE(xvy)V]H}-
Then ¥, ® Xy C F.

Proof.  We start with rectangles and then use the fact that the smallest
monotone class containing all the rectangles is just the same as the o-field
generated by the rectangles. Let F = A x B be a rectangle. Now we have

XE = XA XB S0

Jtf e = [ caxauty = ueaw) = [1[ xevin

Thus any rectangle is in F. Clearly any finite disjoint union of rectangles
is also in F.

Now in order to show that F is closed under increasing and decreasing
monotone limits we proceed by induction on the stages in the construction
of F starting from the rectangles. We have just established the base case.
For the inductive case we suppose that E, T E in F and that we can reverse
the order of integration for the characteristic functions of the E,. Now if
E, T E we have U,XxEg, = xg- Thus by using the monotone convergence
theorem we have [ [ xp, v = [ [ xgpv and also [ [ xg.vp = [ [ xevp.
By assumption [ [ xg,puv = [ [ xE,vpn so we get [ [xppv = [ [ xevp.
Thus F € F. If we have E,, | E we proceed in exactly the same way except
that we use the dominated convergence theorem rather than the monotone
convergence theorem. It is here that we need the finiteness assumption on
the measure. Thus F is a monotone class. Note that we are always dealing
with measurable functions at every stage of this proof. g

Theorem 3.15 Let (X, X, u) and (Y, Xy, v) be o-finite measure spaces.
Then p extends uniquely to a measure on ¥, ® Xy such that for all E €

Yz ® Yy
o(B) = [ ([ xeteo = [ ([ xute. i

Proof.  We start by assuming that the measures p and v are finite. Let
n(E) = [ xe(z,y)p]v for E € ¥x @Xy. Now this integral is defined since
the measures are finite, and, as we have seen, the order of integration can
be reversed. The set function 7 is finitely additive and by using monotone
convergence theorem it is also countably additive; thus it is a measure.
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Suppose that we have another measure ¢ with the same properties. By the
same arguments as before we can prove that the sets for which £ and 7
agree include all finite unions of disjoint rectangles and form a monotone
class and hence include all of ¥ x ® 3y. Thus we have uniqueness.

Now we extend the result to the o-finite case. Let X, and Y,, satisfy,
UnXn = X, Vn.u(X,) < o0, UpY,, =Y and Vm.v(Y,,) < co. Let F €
Yx ® ¥y and define sets E,, »,, by Epm = EN (X, X Yy,). Now for these

sets we have
//XEn,m/W://XEn,mVH

We can sum all these terms and use monotone convergence to conclude that

[ fuam= [ [ o

Thus we can define n as before. To establish that it is a measure we
use countable additivity of p and v to show that 7 is countably additive.
Uniqueness follows from the fact that any other measure must agree on the
Ey.m according to the previous paragraph and hence on E by monotone
convergence. ]

The measure whose existence is established above is called the product
measure and is written p X v. What we have done so far is the first step in
the chain of reasoning that one needs to invoke the monotone convergence
theorem. In other words we have shown that we can change the order
of integration if we are integrating characteristic functions. We can now
complete the argument in the familiar way and prove

Theorem 3.16 [Fubini-Tonelli] Let (X,%,,u) and (Y,Xy,v) be o-
finite measure spaces and let f be an measurable function with respect to
Yx ®Xy from X xY to[0,00]. Then

[ texn = [1f suw = [1] soln.

The same holds for not necessarily positive integrable functions.

The integral [ fu is defined for v-almost all y and the integral [ fv is
defined for p-almost all z. This will not affect the values of the integrals.

Proof. For characteristic functions this is just the last theorem. For
simple functions we have the result by linearity of integration. For arbitrary
positive f it follows from the monotone convergence theorem and the usual
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case analysis for the positive and negative parts gives the result for the case
of integrable functions. 0

We have stated these theorems for binary products but by an easy in-
duction on n it holds for products of n o-finite spaces as well. Constructing
measures on larger products is more subtle but is important for the analysis
of stochastic processes.

3.5 Exercises

Unless otherwise stated these exercises refer to a fixed measure space
(X,%, 1) and the phrase “measurable function”, without further qualifi-
cation means “measurable real-valued function.”

(1) Show that the integral is a linear function of measurable functions, i.e.
for f, g measurable show that

J+omu= [ fu+ [on

(2) Show that if f, is a family of nonnegative, real-valued, measurable

functions then f def > fn is measurable and that

/fu:nli_rgloo/fnu.

(3) Let Ay be [0,1], A2 = A1 N (3, 2)°, A5 = AN (5, 2)°N (L, 8)¢ and so
on. We have A4 % N; A;; this is known as the Cantor set. Now we
define a function f: [0,1] — [0,1] by

ifxe A
ifxEAlﬂAg
ifxEAgﬂAg

fz) =

I ST

Show that this function is Riemann-integrable and calculate its Rie-
mann integral. [Hint: the answer is 1.]

(4) The monotone convergence theorem is not true for arbitrary directed
sets of measurable functions. Construct an example showing this.
[Hint: Consider the interval [0,1] and the characteristic functions of
all finite subsets of this interval.] (I am indebted to Jorgen Hoffman-

Jorensen for pointing this out to me.)
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Chapter 4

The Radon-Nikodym Theorem

Consider the discrete notion of conditional probability. Supposing we have
some probability space (X, X, Pr) we write

def Pr(AN B)
Pr(A|B) = W

where the lhs is read “the probability of A given B” and it is assumed that
Pr(B) # 0. For discrete situations the above definition is adequate, though
often counter-intuitive, but for continuous probability spaces one may well
be dealing with situations where both the numerator and the denominator
are 0. A typical example is when the set X is a product, say R x R, with
some probability density assigned to the measurable sets of the product
o-field. We might be interested in conditional probabilities of the form
Pr(Al{y}) where y is a point and A is a subset of R. Now we can use the
general formula for conditional probability and get

_ PriAx{y})

Pridly) = Brir< (n)

where we are writing Pr(Aly) rather than Pr(A|{y}). Unfortunately this
expression rarely, if ever, makes sense; the denominator is usually 0.

Nevertheless, the notion of conditional probability is useful in this
regime and it is important to try and formulate what it might mean. A
heuristic account [Fel71] might proceed as follows. We imagine a nested
family of measurable sets B; D By 2 ... 2 B, D ... such that N;B; = {y}.
Now we can try to use a limiting version of the discrete formula for condi-
tional probability:

ERT P’/‘(A X Bi)
Pridly) = I SRS By

55
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This is a reasonable intuition but making precise when the limits actually
exist — and under what conditions this is a rigorous definition — are difficult
problems.

What one can observe is that one needs some notion of “differentiation”
of measures. The Radon-Nikodym theorem serves precisely this role. To
arrive at a plausible statement we can proceed as follows. Let us think
about measures defined on the reals. Consider the function F'(z) defined
by the integral F(z) = [ f(x)dz, where dx refers to Lebesgue measure.
If f has just a few finite jumps then F is well-behaved. If F has a finite
jump f will have a singularity. Now a typical singularity can be thought
of a Dirac delta “function”, which we know can be rigorously defined as a
measure concentrated at a point. Now we might think of measures which
assign nonzero weight to a single point as being singular but those which
do not should be essentially given by a formula like the above for F'. More
precisely one might conjecture

If X is a measure on R that has the property A({z}) = 0 for any z,
then there is some measurable function f such that

)\(B):/Bf(x)dx

for any measurable set B.

Lebesgue showed that this is false, but if the hypothesis is strengthened
to A(B) = 0 whenever B has Lebesgue measure 0 it is true. The Radon-
Nikodym theorem generalizes this to the abstract setting. This is precisely
the notion of differentiation we need to make sense of conditional probabil-
ity, as we shall see later.

4.1 Set Functions

In order to proceed we need to develop some of the theory of set functions.
Much of this can be done in analogy with measures except that we need
more care with convergence since we no longer assume positivity.

Definition 4.1 If (X,Y) is a measurable space and A : ¥ — [—00, 0]
is an extended real-valued function we say that A is countably additive
(finitely additive) if, whenever {A;};cr is a countable (finite) family of
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Y-measurable sets that are pairwise disjoint, then
AMUierAi) = Zier A (4:).

The following easy facts are proved just like the analogous results for mea-
sures.

Lemma 4.1 Let A be a countably additive set function on (X,%). All the
sets mentioned in this lemma are assumed X-measurable.

(2) If A; | A and A(A1) is finite, then lim;—s oo A(A;) = A(A).

The proof is left as an exercise.

4.2 Decomposition Theorems

Even though set functions are not measures they can be decomposed into
positive and negative pieces. This result, the Hahn-Jordan decomposition
theorem is a key step in the proof of the Radon-Nikodym theorem. The
next theorem contains all the intricate set-theoretic combinatorics needed
to prove the decomposition theorem. The proof closely follows the proof in
Ash [Ash72].

Theorem 4.2  Let A be a countably additive set function on (X,X). Then
there are sets C, D € ¥ such that A(C) = sup{\(A4) : A € £} and \(D) =
inf{\(A): AeX}.

Remark: This theorem says that A actually attains a maximum and a
minimum value. This is obviously trivial for a measure.

Proof. If we show that C exists then we can apply the result to —\
to show that D exists, so we only need construct C'. Furthermore, we can
assume that A is always finite, for if A(A) = oo for some A we can take
C=A.

Let oo = sup{A(A4) : A € ¥}. There is a family of sets 4,, € ¥ with
lim;— 0 A(A4;) = a. We need to construct a set C' such that A(C') = . Let
A = U;A;. Now, of course, A is not the set we are trying to construct since
it may contain negative pieces. In order to remove these pieces we need
to carve A into sufficiently refined subsets. We can do this as the limit of
successively refined decompositions of A.
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We proceed as follows. We write A} for A\ A; and we write A} for either
A; or Al. Now for each positive integer n we can construct a partition of
A into 2™ pairwise disjoint sets (some of which may be empty) as follows.
We take all combinations of the form

ATNAL..NAIN...NAL

We call these sets A,,,,, where m takes on the values from 1 to 2™. These sets
are clearly pairwise disjoint and cover A. Furthermore each A, is a union
of some of the A,,,. If we consider n’ > n then each A, is contained in
some A, or is disjoint from it; we call this the refinement property. Thus
we have a family of increasingly refined partitions of A.

We extract the positive pieces of A by proceeding in stages. Let B,, be
defined by

where we set B, = () if there are no A,,, with a positive A value. Now
since each A,, is a union of some of the A,,,, we have A(4,,) < A(B,,). Note
that the sequence B,, need not be monotonically increasing. As we refine,
we may lose negative pieces that we used to include and also include new
positive pieces. Thus we cannot just take the limit of the A(B,,).

What we can do, however, is take the lim sup of the B,,.

C =limsup B, = ﬁ [j By).

Clearly, U,—,, B | C. Now because of the refinement property of the A,
we have that Ui:n By, can be written as the union of B,, and additional
Aprr with ' > n. These Ay, will either already be in B,, or disjoint
from it and they will satisfy A(Ap/ms) > 0. Thus Ui:n By, can be written as
the union of B,, and a set disjoint from B,,. Thus ( ?;:n By) 1 (Ui, Br)
and hence, by Lemma 4.1, part (a), we have

J 00
MAn) < ABr) < A Bw) — M B
Recalling that (J,-,, Bi | C and using Lemma 4.1, part (b), we get

a= lim MA4,) < lim X UBk )= \C

n—>o00 n—>:o00
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Thus A\(C) = a. O
We are now able to easily prove the Hahn-Jordan theorem.

Definition 4.3 Let A be a set function defined on the measurable space
(X,XY). A set A is called positive with respect to A if VE C AX(E) > 0;
we define negative sets similarly.

Theorem 4.4 [Hahn decomposition] For any countably additive set
function A defined on the measurable space (X,X), there are disjoint sets
AT and A~ such that X = AT U A~ where AT (A~ )is positive (negative)
with respect to .

Proof. Note that A cannot take on both the values co and —oo, if it
did it would not be countably additive. Without loss of generality, we can
assume that —oo is never attained. Let AT be the set on which ) attains its
sup and define A~ as the complement of AT. Let E be a measurable subset
of AT, then if A\(E) < 0 we have A\(A* \ E) > A(4), which contradicts the
maximality of A(A"). Thus AT is positive. If E C A~ and A(E) > 0 then
AMAT UE) > AA") which again contradicts the maximality of E. Thus
A~ is negative. O

Corollary 4.5 [Jordan decomposition] If ) is countably additive set
function defined on a measurable space (X,Y), then there are two positive
measures X7 and A\~ such that for all S € ¥ we have

A(S) = AF(S) — A~ (S).

Proof.  Take the Hahn decomposition, AT, A~ as above. Then we define
AT(S) to be A(SNAT) and A~ (S) to be A\(SNA™). It is easy to verify that
these are measures given that ) is countably additive. O

4.3 Absolute Continuity

We study the relation of absolute continuity between measures, as this is
the key assumption in the Radon-Nikodym theorem. There are actually
two closely related concepts.

Definition 4.6 Two measures, u,” on a measurable space (X,X) are
mutually singular, written p L v, if there are disjoint measurable sets
A, B with u(X \ A) =0 and v(X \ B) =0.
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Definition 4.7 Suppose that g and v are measures defined on a measur-
able space (X,Y). We say that v is absolutely continuous with respect
to w, written v << p, if VA € .u(A) =0 = v(A) =0.

Clearly if f is a measurable function and we define v by v(A) = [, fu we
get a measure such that v << p. The Radon-Nikodym theorem essentially
goes in the opposite direction.

Theorem 4.8 [Radon-Nikodym-Lebesgue] If i and v are both o-finite
measures on a measurable space (X,Y) then:

(1) v can be written as v, + vs where v, << p and vs L p.
(2) There is a non-negative measurable function f such that

VAEE./Af,u:Va(A).

If g is another function satisfying the same property as f then the set
of points where f and g differ have p measure 0.

Part (1) of the theorem is usually called the Lebesgue decomposition
while part (2) is usually called the Radon-Nikodym theorem. The func-

tion f (unique p-almost everywhere) is often called the Radon-Nikodym
dv,
dp *

derivative and is written

Proof.  If part (2) of the theorem is true for the case of finite measures
it extends to o-finite measures as follows. We assume that v << p. Since
u is assumed o-finite we have a countable family of pairwise disjoint sets
A, which cover X and satisfy u(A4,) < co. We define p,(A) = p(ANA,)
and similarly for v,,. Now pu,,v, are finite measures and, by assumption,
we have v, << pu, whence there is a measurable function f,, such that
VA € S.vy(A) = [, futin. Now we know that

v(A) = Xn: Un(A) = zn: /A fatin = Zn: /A faxa,p= /A Xn: foxa, p.

The last equality follows from the monotone convergence theorem. Thus
the required fis >, faxa,-

Thus for part (2) it suffices to establish the result for finite measures.
We will discuss part (1) later. We now consider the case where v, i are
finite measures. We begin with a preliminary lemma.

Lemma 4.9 If u and v are finite measures and are not mutually singular
then there is a measurable set A and a positive constant € such that u(A) >0
and VE € £.(E C A) = eu(E) <v(E).
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Proof.  (Of lemma) Consider the set function v— 1y where n is a positive
integer. Let P,, N,, be the Hahn decomposition of this set function into its
positive and negative sets respectively. If we can show that we have some
P, with u(P,) > 0 we are done; we just have to choose ¢ = % and A = P,,.
Now consider the set M = U, P,; if u(M) > 0 we are done since this
can only happen if at least one of the P, has positive y-measure. Now
M =nN,N, so M€ is a negative set for all the set functions nu — %u; ie.
we have Vn.v(M®) < 1,(M¢) which is only possible if (M¢) = 0. Thus
it (M) = 0 we would have that 1 and v are mutually singular. Hence
u(M) > 0. O

We continue with the proof of the main theorem. The strategy is to try to
construct the f of part (2) by a limiting argument. We define G to be the
set of functions g such that

VE € 2./ g < v(E).
E

This set has two important closure properties. First, if g1, go are both in G
then max(g1, g2) is also in G. Second, if g, 1 ¢ and all the g,, are in G then
so is g. Both of these are easy exercises.

Now let K = sup{ [ gu : g € G} which exists since the set is bounded by
v(X); in particular K < v(X). We are going to try to construct an f which
attains this limiting value K when integrated over X. The fact that K may
be less than v(X) will account for the part of v that is mutually singular
with respect to u. Let g, be functions in G such that fX gnpp > (K — %),
we know that we can find such functions because of the definition of K
as a sup over G. Now we let f, = max{gi,...,gn}; by the first closure
property these functions are in G. The sequence f,, is clearly increasing so
if we define f = lim,— o f, we have f, T f. Hence by the second closure
property of G we have f € G. Thus by the monotone convergence theorem
we get

KZ/Xfu=nli_r>noo/anuani_r>noo g = K
Thus we have [, fu=K.

Now we can define the Lebesgue decomposition of v. We set v4(E) =
J fufor any E € ¥ and vy(E) = v(E) — vo(E). It is easy to verify that
v, and v, are measures and obviously v, << p. We claim that vy L p.
Suppose not, then from the lemma we can find a set A and a number € with
the property that for any measurable set E C A we have eu(F) < v4(FE) as



62 Labelled Markov Processes

described in the lemma. We choose F to be any measurable set contained
in A and get

Jrewanu= [ guve [ xan= [ surentB) < [ fuso () = vi)

This means that f/ = f + exa is also in G. The lemma says that p(A) > 0
thus [ f'u = K + eu(A) > K, but this contradicts the definition of K.
Thus vs L .

We have both parts of the theorem for the case of finite measures and
part (2) for o-finite measures. To see that part (1) also extends to the
o-finite case we use part (2). We define A = p + v then clearly p,v << A
so we have functions f, g such that [, fA = u(E) and [, g\ = v(E). Let
B = {z: f(z) > 0} and set v,(E) = v(E N B) and vs(E) = v(E N B°).
Clearly we have v = v, + v,s. Suppose that u(A) = 0 then fA fA =0, hence
Janp fA=0. But f > 0o0n AN B, so (AN B) = 0, hence v,(A) = 0.
This shows that v, << pu. Now we note that v4(B) = vs(B N B°) =0 and
w(B¢) = [5. fA=0, thus v, L p. O

4.4 Exercises

(1) Verify the two closure properties of G used in the proof of the Radon-
Nikodym theorem.

(2) Give an example showing that the Radon-Nikodym theorem does not
hold if the measures are not assumed o-finite. [Hint: Use counting
measure and Lebesgue measure on the real line.]

(3) We used the Hahn decomposition to prove one of the lemmas needed
in the proof of the Radon-Nikodym theorem. Suppose that we have
proved the Radon-Nikodym theorem some other way, derive the Hahn
decomposition as a consequence.



Chapter 5

A Category of Stochastic Relations

In this chapter we discuss some categorical constructions which allow us
to unify some of the ideas in probabilistic semantics. Readers interested
in probabilistic process algebra or approximation theory need not read this
chapter.

The fundamental idea, to look for a monad which imitates some of
the properties of the powerset monad, goes back to Lawvere [Law63]
but the detailed development is due to Giry [Gir81]. We have, how-
ever, modified her definition slightly and, in doing so, produced an ex-
ample of a partially-additive category [MAS86]. This connection allows for
a simple presentation of Kozen’s probabilistic semantics for a language of
while loops [Koz81; Koz85]. The material in this chapter is mostly taken
from [Pan99]. The name SRel is an evocation of the analogy between
relations and Markov kernels.

5.1 The Category SRel

Definition 5.1 The precategory SRel has as objects (X,Xx) sets
equipped with a o-field. The morphisms are conditional probability den-
sities or stochastic kernels. More precisely, a morphism from (X,Xx) to
(Y,Xy) is a function h : X x ¥y — [0, 1] such that

(1) VB € Zy .Mz € X.h(x, B) is a bounded measurable function,
(2) Vx € X.AB € Yy .h(z, B) is a subprobability measure on Xy

The composition rule is as follows. Suppose that h is as above and k :
(Y,Xy) — (Z,%z). Then we define ko h : (X,¥x) — (Z,Xz) by the
formula (ko h)(z,C) = [, k(y, C)h(z, dy).

63
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It is clear that the composition formula really defines a morphism with the
required properties; if it is not clear the reader should check it at this point.

This is very close to Giry’s definition except that we have a subprob-
ability measure rather than a probability measure. Henceforth, we write
simply X for an object in SRel rather than (X, X x) unless we really need
to emphasise the o-field. Before proceeding we prove

Proposition 5.2  With composition defined as above SRel is a category.

Proof.  We use h, k to stand for generic morphisms of type X to Y and
Y to Z respectively. We write A, B, C for measurable subsets of X,Y, Z
respectively. The identity morphism on X is the Dirac delta “function”,
d(x, A). The fact that it is the identity is simply the equation

h(z, B) = /X ha', B)3(x, da')

which we have verified before as our very first computation of a Lebesgue
integral.

To verify associativity is a routine use of the monotone convergence
theorem. Suppose h,k are as above and that p : Z — W is a morphism
and D is a measurable subset of W, we have to show

/Y [ / plz. D)k(y, dz) (., dy) = / p(z, D) /Y k(y, dz)h(z, dy)].

The free variables in the above are x and D. Note that this is not just a
Fubini type rearrangement of order of integration, the role of the stochastic
kernels change. On the lhs the expression in square brackets produces
a measurable function of z, for a fixed D, this measurable function is the
integrand for the outer (Y') integration and the measure for this integration
is h(x,dy). On the rhs the expression in square brackets defines a measure
on Yz which is used to integrate the measurable function p(z, D) over Z.
Now the above equation is just a special instance of the equation

LU PerGdzn.dn) = [ P o). )

where P(z) is an arbitrary real-valued measurable function on Z. To prove
this equation we need only verify it for the very special case of a charac-
teristic function y¢ for some measurable subset C' of Z. With P = x¢
we argue as follows. Recall that whenever we integrate a characteristic
function ¢ wrt any measure v we get v(C). Thus on the lhs the ex-
pression in square brackets becomes k(y,C) and the overall expression is
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Jy k(y, C)h(z,dy). On the rhs the result is the measure evaluated on C,
in other words the expression in square brackets evaluated at C. This is
exactly [, k(y,C)h(z,dy). The proof is now routinely completed by first
invoking linearity to conclude that the required equation holds for any sim-
ple function and then the monotone convergence theorem to conclude that
it holds for any measurable function. 0

5.2 Probability Monads

In what sense are we entitled to think of the category SRel as a category of
relations? It has a peculiarly asymmetric character and lacks some of the
key properties associated with a category of relations, in particular closed
structure, as we will discuss in the next section. There is, however, one
way in which it does resemble the category of relations. Recall that the
category of relations is the Kleisli category of the powerset functor over
the category of sets. It turns out that SRel is the Kleisli category of a
functor, which resembles the powerset functor, over the category Mes of
measurable spaces and measurable functions.
We define the functor II : Mles — Mes as follows. On objects

II(X) =4¢ {v|v is a subprobability measure onX }.

For any A € ¥x we get a function p4 : II(X) — [0,1] given by pa(v) =g
v(A). The o-field structure on II(X) is the least o-field such that all the
pa maps are measurable. A measurable function f : X — Y becomes
I(f)(v) = vo f~1. Checking that II is a functor is trivial. Note the sense
in which one can think of II(X) as the collection of probabilistic subsets
(or “fuzzy” subsets) of X.

We claim that II is a monad. We define the appropriate natural trans-
formations 7 : I — IT and p : 1> — II* as follows:

x (@) = 5(2,), pix (Q) = AB € zX./ P50,
I(X)
The definition of n should be clear but the definition of p needs to be
deconstructed. First note that Q is a measure on II(X). Recall that pg
is the measurable function, defined on II(X), which maps a measure v
to v(B). The o-field on II(X) has been defined precisely to make this a
measurable function. Now the integral fn( x) pp{ should be meaningful.

ITry not to confuse x4 with a measure.
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Of course one has to verify that ux () is a subprobability measure. The
only subtlety is verifying that countable additivity holds which we leave as
an exercise.

Theorem 5.3 [Giry] The triple (IL,n, p) is a monad on Mes.

Proof. We omit the verification that nx and px are morphisms. We
begin by stating four facts we need in the proof. Let X and Y be measurable
spaces and let x, y denote elements of X and Y respectively. Let f: X — Y
be measurable, v € TI(X), Q € II1?(X) and P,Q be bounded real-valued
measurable functions on X and Y respectively.

(1) Jy QU(N(w) = [x(Qo fv.

2) Ty Pix(2) = P(a).

(3) Given any real-valued measurable function P we define {p : II(X) —
[0,1] by Vv € II(X).£p(v) = [ Pv. We claim that {p is measurable.

(4) With £p as above we have

/XPMX(Q) = /H(X) Epsl.

The first item was our very first example application of the monotone con-
vergence theorem. The second item is an immediate consequence of the
properties of the Dirac delta function. We leave the third item as an exer-
cise and verify the fourth.

First note that when P is xp then {p is just pg. Let P be xp for some
measurable subset B of X. Now we have

/X Pux(Q) = /B () = jx (Q)(B) = /H PRICES /H &0

Thus we have the result for a characteristic function. By linearity it holds
for any simple function. Now assume that there is a family of simple func-
tions s; T P. We have, by the monotone convergence theorem

/PNX(Q): lim sipex (§2).
X

71— 00 X

But we know that this is equal to

1—>00 II(X)
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where &; means zis,. Now it is easy to see that lim;— o & = £p? so by the
monotone convergence theorem we get the result we want.

Now to prove that we have a monad we need to check the naturality
of n and p. The naturality of 7 is trivial from fact 2. The naturality of
u follows from an easy calculation with fact 1 used at the evident place.
The verification of the triangle identity is a routine exercise as it just uses
the definitions and no subtleties arise. We check the associativity equation
explicitly. Let Q' € II13(X) and B € Xx. We calculate

(nx o M(px))(Q)(B)
— (ux (M(ux ) (2))) (B)
from the definition of px we get
— fue, PE(x) ()
using fact 1 we get
= fn2(X)pB oux§Y
from the definition of £ we get
= fH2(X) SPBQI'

In the other direction we calculate as follows

(1x o pri(x)) () (B)

= px (pm(x) () (B)
from the definition of pux

= fn(x)pB/‘H(X)(Q/)
using fact 4 we get

= fn?(X) &pptY
which is exactly what we got before. g

Now that we have that II is a monad we can investigate the Kleisli
category. A map, X — Y, in this category would be a map X — IIY
in Mes. But if we recall that IIY is ¥y — [0,1] then by uncurrying we
can write a Kleisli map as X x ¥y — [0, 1], i.e. precisely the type of the
morphisms in SRel. Of course one has to verify that one gets exactly the
SRel morphisms. We leave this as an exercise.

2Check it if you don’t believe it!
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5.3 The Structure of SRel

We will examine the properties of the category SRel, especially the par-
tially additive structure [MAS6].
We begin by establishing that SRel has countable coproducts.

Proposition 5.4 The category SRel has countable coproducts.

Proof.  Given a countable family {(X;,3;)|i € I'} of objects in SRel we
define (X, ) as follows. As a set X is just the disjoint union of the X;. We
write the pair (x,7) for an element of X, where the second member of the
pair is a “tag”, i.e. an element of I, which indicates which summand the
element x is drawn from. The o-field on X is generated by the measurable
sets of each summand. Thus, a generic measurable set in X will be of
the form W1 A; x {i}, where each A; is in ¥;. We will usually just write
Wi;er A; with the manipulation of tags ignored when we are talking about
measurable sets.

This object will be “the” coproduct in SRel. The injections ¢; : X; —
X are v (@, WrerAg) = 0((x,1), Wper Ax) = 6(z, A;). Given a family f; : X
— (Y, Xy ) of SRel morphisms we construct the mediating morphism f : X
— Y by f((z,i),B) = fi(x, B). We check the required commutativity by
calculating

(fouj)(z;, B /fxB ((x,7), /fij )o(xj,-) = fi(z;, B).

This is clearly the only way to construct f and satisfy all the required
commutativities. O

This is very analogous to the construction in Rel but there the coproduct
is actually a biproduct (since Rel is a self-dual category). This coproduct
is not a biproduct. In fact it has a kind of restricted universality property
that we will explain after we have discussed the partially additive structure
of SRel.

It is easy to define a symmetric tensor product. Given (X,Xy) and
(Y, Xy) we define (X,YXx) ® (Y, 3y) as (X xY,E¥x ® Xy) where we mean
the tensor product of o-fields defined earlier and cartesian product of the
sets of course. We write X ® Y to be brief. Given f: X — X' andg:Y
— Y wedefine fRg: XY — X' ®Y' by

(f®@9)(z,y), A x B") = f(x,A")g(y, B')
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where A" and B’ are measurable subsets of X’ and Y’ respectively. Of
course this defines it only on rectangles, but the collections of rectangles
is a semi-ring and we can extend the measure to all measurable subsets of
X’ xY'. It is easy to see that one can define a symmetry.

In Rel we actually have a compact closed category in which the internal
hom and the tensor coincide, which is a very special situation. In SRel,
though, the tensor is exactly the same as in Rel, we do not even get closed
structure. The reader should try to construct what seems at first sight to be
the evident evaluation and coevaluation maps and see what fails. Roughly
speaking one gets stuck at the point where one is required to manufacture
a canonical measure on a o-field; the only obvious candidate, the counting
measure miserably fails to satisfy the required equations.

5.3.1 Partially additive structure

This subsection is a summary of the definitions of partially additive struc-
ture due to Manes and Arbib [MA86]. Their exposition concentrates on
examples like partial functions. The category SRel provides a very nice
example of their theory. Given f,g: X — Y in SRel we can sometimes
add them by writing (f + g)(z, B) = f(x,B) + g(z, B). It may happen
that the sum exceeds 1 in which case it is not defined, but if the sum
f(x,Y)+ g(2,Y) is bounded by 1 for all = then we get a well-defined sub-
probability measure and a natural notion of adding morphisms. This is
exactly the type of situation axiomatised in the theory of partially additive
categories.

Definition 5.5 A partially additive monoid is a pair (M, ") where
M is anonempty set and Y is a partial function which maps some countable
subsets of M to M. We say that {z;|i € I} is summable if >
defined. The following axioms are obeyed.

jer Ti 18

(1) Partition-Associativity: Suppose that {z;|i € I'} is a countable fam-
ily and {I;|j € J} is a countable partition of I. Then {z;|i € I} is
summable iff for every j € J {]i € I;} is summable and {} ., @:|j €
J} is summable. In this case we require

IR D)

i€l jeJiel;

(2) Unary-sum: A singleton family is always summable.
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(3) Limit: If {z;]¢ € I'} is countable and every finite subfamily is summable
then the whole family is summable.

One can think of this as axiomatising an abstract notion of convergence.
However the first axiom says, in effect, that we are working with absolute
convergence and hence rearrangements of any kind are permitted once we
know that a sum is defined. Note that one can have some finite sums
undefined and some infinite sums defined. The usual notion of complete
partial order with sup as sum gives a model of these axioms. A vector space
gives a typical nonexample as the limit axiom fails.
We state a simple proposition without proof.

Proposition 5.6  The sum of the empty family exists, call it 0. It is the
identity for > .

Though this proposition is easy to prove it has important consequences as
we shall see presently.

Definition 5.7 Let C be a category. A partially additive structure
on C is a partially additive monoid structure on the homsets of C such that
if {fi: X — Y|i € I} is summable, then VIW,Z,g : W — X,h:Y — Z,
we have that {ho f;|i € I'} and {f;0g|i € I'} are summable and, furthermore,
the equations

hod fi= hofi,(Y fi)og= fiog
icl el el icl
hold.

Since any partially additive monoid has a zero element, a category with
partially additive structure will have “zero” morphisms.

Definition 5.8 A category has zero morphisms if there is a distin-
guished morphism in every homset — we write Oxy for the distinguished
member of hom(X,Y) — such that VW, XY, Z, f: W — X,g: Z — Y we
have go OWZ = OXY o f

Proposition 5.9 If a category has a partially additive structure it has
zero morphisms.

This follows immediately from proposition 5.6. Note that if a category
has a partially additive structure then every homset is nonempty. This
immediately rules out, for example, Set as a category that could support
a partially additive structure.
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Proposition 5.10 The category SRel has a partially additive structure.

Proof. A family {h; : X — Y|i € I'} in SRel is summable if
Vo€ X.> hi(z,Y) < 1.

We define the sum by the evident pointwise formula. Partition associa-
tivity follows immediately from the fact that we are dealing with absolute
convergence since all the values are nonnegative. The unary sum axiom is
immediate. To see the validity of the limit axiom we proceed as follows.
Suppose that {h; : X — Y|i € I} in SRel is summable, i.e. we assume
that

Vo€ XY hi(z,Y) < 1.

We define the sum by the evident pointwise formula. Partition associa-
tivity follows immediately from the fact that we are dealing with absolute
convergence since all the values are nonnegative. The unary sum axiom is
immediate. To see the validity of the limit axiom we proceed as follows.
Suppose that {h; : X — Y|i € N} is a countable family and that every
finite subfamily is summable. The sums Y. ; h;(z,Y) are bounded by 1
for all . The sum Y .o, hi(z,Y) has to converge, being the limit of a
bounded monotone sequence of reals and the sum has to be also bounded
by 1. Thus the entire family is summable. One has to check that the sum
of morphisms defined this way really gives a measure but the verification of
countable additivity is easily done by using the fact that each h; is count-
ably additive and the sums in question can be rearranged since we have only
nonnegative terms. The verification of the two distributivity equations is
a, by now routine, use of the monotone convergence theorem mantra. [

We now define some morphisms which are of great importance in the
theory of partially additive categories. They exist as soon as one has co-
products and a family of zero morphisms, thus they always exist in a cate-
gory with partially additive structure.

Definition 5.11 Let C be a category with countable coproducts and zero
morphisms and let {X;|i € I'} be a countable family of objects of C.

(1) For any J C I we define the quasi-projection PR; : [[,.; X; —
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HjeJ X; by

v 1€J
PRjou =
0 i¢gJ

(2) We write I - X for the coproduct of |I| copies of X. We define the
diagonal-injection A by couniversality:

[[(Xili e I) —2=T-[[(Xili € I)

T“’LJ‘ T“’LJ‘

Xj [(X;li € I)

my

(3) We have a morphism o from I - X to X given by:

I- X=X
Tinj idx
X

These are all very simple maps to describe explicitly. In Set we cannot have
a map which behaves like PR ; because we do not have zero morphisms. In
SRel we have

o0(xz,Ag) ked
PR;((z,k),Wcy) = .
1((z, k), Wjer) {0 oy
The A morphism in SRel is
A((x, k), Wier (Wjer A})) = 8(x, Af).

The analogous map in Set is A((z,k)) = ((z, k), k).
Finally

o((x, k), A) = (x, A)

in SRel while in Set we have o((z,k)) = z.
We are finally ready to define a partially additive category.

Definition 5.12 A partially additive category, C, is a category with
countable coproducts and a partially additive structure satisfying the fol-
lowing two axioms.
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(1) Compatible sum axiom: If { f;|¢ € I} is a countable set of morphisms
in C(X,Y) and there is a morphism f: X — I-Y with PR;o f = f;
then {f;|i € I} is summable.

(2) Untying axiom: If f,g: X — Y are summable then ¢; o f and 150g
are summable as morphisms from X to Y + Y.

The first axiom says that if a family of morphisms can be “bundled to-
gether as a morphism into the copower” then the family is summable. The
reverse direction is an easy consequence of the definition of partially ad-
ditive structure so this is really an if and only if statement in a partially
additive category.

Proposition 5.13  The category SRel is a partially additive category.

Proof. We already know that SRel has a partially additive structure
and has countable coproducts. Suppose that we have the morphisms f; and
f as described in the compatible sum axiom. We verify that the f; form a
summable family. For fixed z € X and B € Xy we have

Yier file, B) = 32 [ (PRi o f)(x, B)

=1 Jry PRi(u, B)f(z, du)

= Zie[ fy xB(u) f(x, du)
(in the previous line the integral is over the ith summand of the disjoint
union only)

= Yer f(@,1(B)) = f(a - B).
In the last line - B means the disjoint union of |I| many copies of B. From
this calculation and the fact that f is a morphism in SRel we see that the
sum is indeed defined. To verify untying is a very easy exercise. 0

5.4 Kozen Semantics and Duality

In this short section we explain the point of the long digression into partially
additive categories. Briefly, the point is to support a notion of iteration. We
give a simple presentation of Kozen’s probabilistic semantics for a language
of while loops using the fact that SRel supports iteration simply by being
a partially additive category. We first prove that there is an iteration
operation whenever we have a partially additive category and then give the
semantics. Kozen’s first presentation was much more elaborate, but in a
later paper he sketched essentially this semantics and described a very nice
duality theory which gives a notion of probabilistic predicate transformers.
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Theorem 5.14 [Arbib-Manes] Given f : X — X +Y in a partially
additive category, we can find a unique f1 : X — X and fo : X — Y
such that f = 11 0 fi + 12 0 fa. Furthermore there is a morphism Tf =4
Yoo o fao fi': X — Y. The morphism tf is called the iterate of f.

Proof. The first assertion is trivial. We have f; = PRx o f and f; =
PRy o f where the PR maps are the ones associated with the coproduct
X +Y. The second assertion is about the specific family {f2 o f*|n > 0}
being summable. We first prove by induction on k that the finite families
{f2 o f{'|k > n > 0} are summable and the result then follows from the
limit axiom. The base case is just the unary sum axiom applied to fs. For
the inductive step we claim that if g : X — Y is any morphism then go f;
and fy are summable. The induction step then follows immediately from
the claim by using Zi:o fao fT' for g. To prove the claim we note

9, Iy]o f=[g,Iy]o(t10fi+ 120 f2)
=g, Iy]ouiofi+[g.Iy]otro fo
=gofi+fa

Thus the claim is proved. O

More can be said about the iteration construct, in fact Bloom and Esik
have written a monumental treatise on this topic and compared various
axiomatisations of iteration. Iteration is closely linked to the notion of
trace and is also the dual of a fixed-point combinator. We will not discuss
the various equational properties of iteration except to note the fixed point
property: given any g : X — X we have ([g,Iy]o f) =1(f o g).

5.4.1 While loops in a probabilistic framework

We define the syntax as follows:
S == x; = f(Z)|51; S2|if B then Sy else Sa|while B do S.

We use the following conventions. We assume that the program has a fixed
set of variables Z, say n distinct variables, and that they each take values
in some measure space (X,X). The space (X™, X") is the product space
where the vector of variables takes its values. We assume that the function
f is a measurable function of type (X", ¥") — (X,¥) and that B defines
a measurable subset of (X™,¥"). We can thus suppress syntactic details
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about expressions and boolean expressions. It is easy to extend what follows
to cover variables of different sorts and to add random assignment.

We model statements in this programming language as SRel morphisms
of type (X", ¥") — (X", ¥"). We write A for the product 4; x ... X A,.
Assignment: z := f(¥)

-,

[[Jii = f(f)]](f, A) = 5(331, Al) . 5(371'—1; Al_l)(S(f(f), Ai)
X 5(xi+1, Ai+1) o 5(xn, An)

Sequential Composition: S;; S
[S1; 82] = [S2] o [S1]

where the composition on the rhs is the composition in SRel.
Conditionals: if B then S; else So

[if B then Sy else S5](%, A) = (&, B)[S1](Z, A) + 6(Z, B)[S:2](Z, A)
where B denotes the complement of B.
While Loops: while B do S

[while B do S] = h'

where we are using the t in SRel and the morphism A : (X" ¥") —
(X™, X" + (X™,X") is given by

h(fa Xl S "4;) = 6(:?7]3)[[5]}(57 *’éfl) + 5(57]30)5(57 XQ)

The opposite category can be used as the basis for a “predicate trans-
former” semantics due to Kozen [Koz85]. We sketch the ideas briefly, a
detailed exposition would require an excursion into Banach spaces and the
topology of these spaces. This part is not self-contained but the reader can
still get a good idea of how the construction works.

Definition 5.15 The category SPT has as objects sets equipped with
a o-field. Given a o-field we obtain the Banach space of bounded, real-
valued, measurable functions defined on X and denoted F(X). The sup
defines the norm. A morphism « : X — Y in the category is a linear,
continuous function a : F(X) — F(Y).

Theorem 5.16 [Kozen]

SRel? = SPT.
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Proof. (sketch) Given h : X — Y in SRel we construct ap : F(Y)
— F(X) as follows:

ap=Mg € F(Y).\x € X. /Yg(y)h(x, dy).

One has to check that this is linear (clear) and continuous.
Given o : X — Y in SPT we construct h : Y — X in SRel as follows:

h(y, A) = a(xa)(y).

We check that these maps are really inverses. Suppose that we start
with an SRel morphism A : X — Y and we construct oy, and then go back
to SRel obtaining a stochastc kernel k. We have k(x, B) = ap(xB)(z)
but by definition of ay, this is [, xp(y)h(z,dy) = h(z,B). Thus we get
back our original morphism. The other direction is not quite so trivial.
Suppose that we start with an a, construct an A and then «j. We have to
show that for any f € F(X) that a(f) = an(f). Now we take the special
case of a characteristic function x4 for f. We have then ap(xa)(y) =
Jx xah(y,dz) = h(y, A) = a(xa)(y). Thus the required equality holds for
characteristic functions. Now we invoke the monotone convergence theorem
mantra and see that it works for any measurable function. 0

In the dual view being adopted here, a bounded, measurable function
is the analogue of a predicate on the set of states. An SRel morphism is
a state transformer while an SPT morphism is a predicate transformer.
The role of a state is played by a measure on the set of traditional states.
The satisfaction relation of ordinary predicates and states is replaced by
the integral. Thus the measurable function (predicate) f (¢) is “satisfied”
by the measure (state) p (s) written [ fu (s = ¢) giving a value in [0, 1]

({0,1}).

5.5 Exercises

(1) Verify that the composition in SRel really does yield an SRel mor-
phism.

(2) Verify that the expression for pux(€2) in Section 2 really does give a
measure.

(3) Show that fact 3 at the start of the proof of Theorem 5.3 holds.

(4) Verify the triangle identity needed in the proof that II is a monad.

(5) Exhibit an explicit adjunction between the categories SRel and Mes.



Chapter 6

Probability Theory on Continuous
Spaces

In this chapter we use the mathematical tools that we have developed to
formalise the basic ideas of probability theory in a way suitable for use
in situations with continuous state spaces. For example, the concept of
conditional probability density will be formalised using the Radon-Nikodym
theorem. Good sources for this material are the books by Dudley [Dud89]
or Billingsley [Bil95].

6.1 Probability Spaces

The basic arena for the study of probability is a probability space, this time
equipped with a o-algebra. We give the formal definition

Definition 6.1 A probability space is a triple (2, F, P) where Q is a
set called the sample space, F is a o-field on 2 and P is a probability
measure on JF.

In the discrete case, where €2 is finite or countable, we took F to be the
powerset of €2 and hence everything was measurable.

The intended meaning of a probability space is that one has a (one-
step) process operating which ends up in a state or one is carrying out
an experiment with the outcomes governed by some probabilistic process.
The set 2 is the set of possible states or possible results. A member of F
is called an event; not all subsets can be events anymore. The idea is that
we cannot always tell, with our limited observational powers, exactly which
point in € occurs; at best we may only be able to identify or specify some
larger measurable set. We speak of an event o occurring if the result is in
the set o. In continuous situations it typically happens that the singletons
are measurable sets but that P ascribes 0 probability to them. Then we

7
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need to work with other measurable sets to say something quantitative.

6.2 Random Variables

Random variables are the actors that play in the theatre of the probability
space. Mathematically they are just measurable functions but analysts and
probabilists use different notations. Probability theory, however, developed
independently of mathematical analysis for a long time — until Kolmogorov
—and developed its own compelling metaphor and concomitant terminology.

Associated with the process described by a probability space are some
measurable quantities — the random variables. For example, the probability
space may be the state space of a chemical mixture and associated with it
are some measurable physical quantities such as temperature and pressure
— these are typical random variables. In most textbooks random variables
are defined to take values in the real numbers. Conceptually, the theory
is affected very little by defining a random variable to take values in any
measure space, but important quantities, such as the expected values of
random variables, which rely on the arithmetic of the reals, may not make
sense. In these notes we will use the conventional textbook definition but
occasionally more general random variables will arise.

Definition 6.2 A random variable on a probability space (2, F, P) is
a real-valued, Borel measurable function defined on 2. A random variable
which takes on values in the extended reals is called an extended random
variable.

It is conventional to use uppercase letters like X for random variables rather
than letters like f to suggest their role as functions.

The most important fact about random variables is that all the prob-
abilistic information is captured in one function from R to R called the
distribution function. Let X be a random variable on a probability space
(Q,F, P), fixed for the rest of the paragraph. Now given X we can define
a probability measure, Px on R!, by the formula

Px(A) = P({w: X(w) € A}),

where A is a Borel set. Knowing this measure gives us all the information
about the random variable. Now we can define a function Fx : R —
[0,1] by Fx(z) = Px by Fx(z) = P{w : X(w) < z}, which captures

1We mean on the Borel sets of the reals.
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all the information in the measure Px. This function is increasing, right-
continuous and satisfies

lim Fx(z) =1 and rgrr_loo Fx(xz)=0.

T —>00

The notions of random variables and of distribution functions generalise in
the obvious way to R™, but of course the computations are more intricate.
In chapter 1 we mentioned the familiar notion of independence of events.

Definition 6.3 We say a finite set {X1,...,X,} of random variables
defined on (2, F, P) are independent if for all Borel sets By, ..., B, we
have

P({w: X1(w) € By, ..., Xp(w) € Bp}) = [ PUw : Xi(w) € Bi}).

=1

This definition does not depend on the random variables taking values in
the reals, thus it may be used for arbitrary measurable functions.

The most basic theorem about independence is the fact that the distri-
bution function factorises.

Theorem 6.4 Let {X;...,X,} be random variables on (2, F, P) and let
X be the (R™-valued) random variable (X1,...,X,). Let the distribution
functions be F; and F respectively. Then

F(z1,...,xn) = Fi(z1) ... Fp(zp).
A key concept associated with random variables is the expectation value.

Definition 6.5 Given a random variable X on a probability space
(Q,F, P), we define the expectation value E[X] by the integral

E[X] = /Q XdP.

In the discrete case one has the usual summation formula for expectation
value.

By applying the Fubini-Tonelli theorem we obtain the basic result about
expectations of independent random variables.

Proposition 6.6 Let Xq,..., X, be independent random variables de-
fined on (2, F, P). Assume that all X; are nonnegative then

E[X)-Xy-...- X, = E[X]- ... E[X,].
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There are many quantitative results about expectation values. A good
survey, from the point of view of algorithms, is to be found in the recent
book, Randomized Algorithms by Motwani and Raghavan [MR95].

6.3 Conditional Probability

In the introduction we discussed the concept of conditional probability in
the discrete setting where we were able to give a satisfactory account with-
out the apparatus of measure theory. In the continuous case the full arsenal
of techniques that we have developed so far is needed. In particular the
Radon-Nikodym theorem plays a crucial role in even defining conditional
probability density.

Recall that conditional probability was defined as follows: given two
events A and B, we write P(A|B) for the conditional probability of A
given B and define it as

P(A|B) = P(AN B)/P(B),

when P(B) # 0. In the continuous case we often have situations where
B is a single point and more generally a set with P(B) = 0 so we cannot
just hope to sidestep the situations where P(B) = 0. We can, however,
consider the following heuristic approach; the line of argument is taken
from Feller [Fel71]. We consider the case where B is a single point, say {b}
and we suppose that we have a nested family of sets By 2 Bo D ... B; D ...
with NB; = {b}. Now we can define P(A|{b}) as the limit of P(A|B;).
The above “definition” gives some intuition for the notion of conditional
probability in the continuous case but it is very far from being formal.
However it does point out what is needed, viz. some way of defining a
“derivative of a measure” — precisely what the Radon-Nikodym theorem
provides. Thus we expect to work with conditional probability density
rather than with conditional probability. The density should try to mimic
the discrete notion of conditional probability as far as possible.
Conditional probability describes how to revise estimates of probability
given definite information — but, what sort of definite information do we
consider? A reasonable starting point is to imagine the sample space €2 to
be a product X x Y equipped with some joint probability distribution P
on X x Y. Of course, we are really talking about a probability distribution
on the product o-field but we will suppress mention of the o-fields except
where necessary. Now we can imagine that we know one of the coordinates
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precisely, say X, and we are interested in defining the conditional proba-
bility P(B|X = ) which means that we wish to know the probability that
a sample point with a known X-coordinate has a Y-coordinate in B. We
will write P(x, B) for this conditional probability. Given a joint probabil-
ity distribution P we acquire two natural probability measures Px, Py on
Y x, Xy respectively given by Px(A) = P(AxY) and Py (B) = P(X x B).
It is reasonable to require that

VA€ Xx.P(Ax B) = /P(x, B)dPx,

and the symmetrical relation between the dual conditional probability den-
sity and Py. This requires that, for fixed B, the function P(z, B) should
be a measurable function.

How do we know that such a function can be found?

Proposition 6.7  Given the product space X XY of the previous paragraph
with a joint probability distribution P, there are, for each fized subset B €
Yy and for each fized subset A € ¥x, measurable functions P(x,B) and
P(y, A), such that

P(Ax B) = /P(x,B)dPX = /P(y,A)dPy.

These functions are unique Px-almost (or Py -almost) everywhere.

This is an immediate consequence of the Radon-Nikodym theorem and is
left as an easy exercise.

More generally, we can define a conditional probability density as fol-
lows. Suppose that we have a probability space (X, ¥ x, P), a measurable
space (Y,Xy) and a measurable function f : X — Y. We ask whether
we can define a conditional probability of the form P(A|y) where A is a
measurable subset of X and y is a point in Y’; the intended interpretation is
the probability of a sample point = being in A given that f(x) = y. Clearly
the situation in the last paragraph is a special case of this. Once again we
have as a consequence of the Radon-Nikodym theorem,

Proposition 6.8 Let X,Y, P, f be as in the discussion above. Let Py be
the probability measure P o f=! on Y induced by f. Then, for each A €

Yx, there is a Pr-almost everywhere unique measurable function, written
P(Aly), such that

VB € Sy .P(f1(B)NA) = /BP(A|y)de.



82 Labelled Markov Processes

One can also define conditional expectations in essentially the same way.
Suppose we have a probability space (X,, P) and we have two random
variables f and g defined on X. We can ask for the expectation value
of g given that we know that f is r. The phrase “f is r” requires some
explanation. We imagine that we perform repeated trials and get values
for the random variables f and g. We select only those trials for which the
value of the random variable f is r and compute the expectation value for
g. We can impose a very similar requirement on conditional expectation
values and once again appeal to the Radon-Nikodym theorem to conclude
that a conditional expectation exists.

Proposition 6.9 Let f be an extended random variable on (X,YXx, P)
and g : (XXx) — (Y,Xy) be a measurable function. Assume that E(f)
exists. There is a an extended random variable h defined on Y such that

for each B € Xy
/ fdP = / hdPy
g~ (B) B

L. Furthermore, h is unique Py-almost everywhere. We

where Py = Pog~
write E(g|f) for h.

Recall that we are referring to the Borel sets when we talk about random
variables as measurable functions. Note that if we choose the function g to
be a characteristic function then we immediately get conditional probability
as a special case of conditional expectation.

Though conditional probability has a more direct intuition, we will talk
about conditional expectation since one can obtain conditional probability
results as a special case. The form in which we have developed conditional
probability and conditional expectation is not very useful for technical ar-
guments and a more general, though less intuitive, form is preferred in the
probability literature. In order to motivate it consider what conditional
probability is; it is a rule for revising one’s original probability estimates
in the face of new information. Now this information may take the gen-
eral form of reporting the outcome of some experiment. We have looked
at the special case where this information comes to us in the form of pre-
cise information about some variable; of course the process may depend
on other variables that we know nothing about. In general we may merely
know that a variable being tested for lies in some set or range instead of
getting a precise value for it. Thus, in general, imagine that we are trying
to measure some quantity and all we can tell is which of several sets of
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possible values the result is in. Then we can tell which sets the value lies
in for any members of the o-field generated by the given sets. We take this
then as the basic datum. An experiment defines a o-field and we can tell
which members of the o-field the result lies in. It may happen that the
o-field includes the singletons but it may not. This leads to the notion of
conditioning with respect to a o-field.

The situation one is interested in is the following. There is a probability
space (X,¥, P) and a subfield A of ¥ is given. This subfield describes
the experiment used to condition the probabilities and expectations. The
precise theorem is as follows.

Theorem 6.10 Let (X, X, P) be a probability space and let A be a subfield
of ¥. Let f be an extended random wvariable on (X,%). Then there is
a function E(f|A), which is a A-measurable extended real-valued function
(random variable) defined on X such that

VCEAﬁde:A@gmmp

The proof is left as an exercise. It is important to note that the theorem
is saying something nontrivial; it is easy to think that E(f|A) exists, “just
choose f for it”. This will not work, however, because the conditional
expectation is required to be A-measurable and f is not going to be A-
measurable in general. Of course the proofs of all these propositions are
easy observations following from the Radon-Nikodym theorem but they are
nevertheless nontrivial.

In just the same way one can prove an analogous result for conditional
probability density given a o-field.

Theorem 6.11  Let (X, X, P) be a probability space and let A be a subfield
of X. For each A, a member of X, there is a measurable function, P-
almost everywhere unique, P[A|A] : (X,A) — (R, B), called the conditional
probability of B given A, such that

W%APMH@:/PMWMK
c

One can prove analogues of most of the standard theorems for con-
ditional probability density and conditional expectation. Thus there is a
monotone convergence theorem, for example, for conditional expectations.
A modern book like Dudley’s [Dud89], Ash’s [Ash72] or Billingsley’s [Bil95]
has a collection of such results.
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6.4 Regular Conditional Probability

A disturbing feature of conditional probability is the dependence of the
conditional probability density on the set whose probability is being ex-
pressed. Thus, for example, consider the statement in Theorem 6.11. The
object P[A|A] is a measurable function with a dependence on A. How
does P[-|A](z) behave viewed as a set function with z fixed? Naively one
would expect it to be a measure. If it were, then we would obtain a very
pleasing object, called variously a conditional probability distribution, a
stochastic kernel? or a Markov kernel. Such an object can be viewed as
a two-argument function, one argument is a point and the other is a set.
Fixing the set we get a measurable function, and fixing the point we get a
measure. The term kernel is supposed to be evocative of kernels of integral
operators. In the next two chapters we study objects of this kind from a
categorical perspective.

Before we can study these objects we need to make sure that they exist
and without further assumptions they do not! It is worth understanding
why. Recall that the uniqueness of the conditional probability is guaran-
teed only modulo a set of measure 0. Now for a fixed countable family of
pairwise disjoint sets a failure of countable additivity only occurs on a set
of measure 0. Unfortunately there are uncountably many such families so
we could have a failure of countable additivity everywhere! It turns out
that assumptions essentially related to metric structure are necessary. In
fact the theory of stochastic processes really relies quite heavily on conver-
gence of measures on metric spaces following Kolmogorov’s fundamental
work in this field [Par67]. In this section we prove a standard result which
guarantees the existence of regular conditional probability distributions on
Polish spaces. In fact regular conditional probability distributions exist in
considerably more general situations, for example on analytic spaces. The
most general result is due to Jan Pachl [Pac78]; for a thorough treatment
of regular conditional probability densities see [HJ94b).

We follow the exposition in Ash [Ash72]. The first step is to show that
regular conditional distribution functions exist.

Definition 6.12 Let f be a random variable on (X, ¥, P) and let A be
a subfield of 3¥. We say that a function F : X x R — [0,1] is a regular
conditional distribution function for f given A iff the following two
conditions are satisfied:

2] have only seen this terminology in Feller.
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(1) For each x, F(x,-) is a distribution function, i.e. increasing, right-
continuous and

lim F(x,r)=1and lim F(x,r) =0,
r—>—00

(2) Vr € RF(z,7) = P[f~1((—o0,7])|A](z).

The next theorem uses in an essential way the fact that the reals form a
complete separable metric space.

Theorem 6.13  If f is a random variable on a probability space (X, %, P)
and A is a subfield of ¥ then there is always a regular conditional distribu-
tion function for f given A.

The strategy of the proof is to glue together the different versions of the
conditional probability distribution. Since the reals form a separable metric
space it suffices to work with a countable collection, indexed by the ratio-
nals. Now one identifies all the places where this collection violates the
requirements of regular conditional distribution function and shows that
they have measure 0. With this one can easily construct a regular condi-
tional distribution function. In the proof given we omit some steps that
involve knowing properties of conditional expectation.

Proof. For each real number r we know that there is a function
F. = P[f~Y((—o0o,7])|A](z) from Theorem 6.11. There are many differ-
ent versions of such a function, any pair of which differ only on a set of
measure 0. Let g1,¢o,... be an enumeration of the rationals. For each
rational ¢ we choose a version of Fy; we write F; rather than Fy,.

First we identify those places where the versions of the F; that we have
chosen fail to form an increasing function. We define the sets A;; = {x :
Fj(z) < Fi(z)} and A = U{4;; : ¢; < ¢;}. Now since ¢; < g¢j, a standard
monotonicity property of conditional expectations says that F; < F; P-
almost everywhere. This means that each A;; has measure 0 and hence A
does too.

The next property we examine is right-continuity. We define B; to
be the set of points where F; fails to be right-continuous and we define
B = UB;. By applying a conditional version of the dominated convergence
theorem we conclude that each B; and hence B has measure 0. Similarly
we can use conditional versions of the monotone convergence theorem to
show that the set C' = {z : lim,—s o0 F),(z) # 1} has measure 0 and that
D = {z : limn — —ocoF, () # 0} also has measure 0. We refer to the
union of A, B,C and D as F.
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Now we can define our required F' by

Flz.r) lim,—,+ Fy(x) ifeg FE
x,r) =
any proper distribution function ifz € FE

Now it is easy to verify the properties of a regular conditional distribution
function for f given A. a

The fact that the reals have a countable dense subset is used in the following
way. By countability we can establish that the set of versions we are looking
at misbehaves only on a set of measure 0. By the fact that this set is
dense we can define the regular conditional distribution function almost
everywhere by a limiting construction. This argument can essentially be
carried out on any topological space that is the space underlying a complete
separable metric space.

Definition 6.14 Let f(X,Xx) — (X, Xy) be a measurable function and
A a sub-o-field of ¥ x. The function h : X x ¥y — [0, 1] is called a regular
conditional probability for f given A if

(1) Va € X.h(x,-) is a probability measure,
(2) VB € Xy .h(z, B) = P[f~1(B)|A](z).

Using the techniques for proving the existence of regular conditional dis-
tribution function one can prove the theorem below. Before we state it we
define Polish spaces.

Definition 6.15 A Polish space is the topological space underlying a
complete, separable metric space.

Recall that separable means that there is a countable base for the topology.
This really abstracts the properties that we used in the proof above. The
following theorem is not a surprise now.

Theorem 6.16 Let f : (X,Xx,P) — (Y, Xy) be a measurable function
and 'Y be a Polish space with Xy its o-field of Borel sets. Let A be a sub-
o-field of ¥ x. Then a reqular conditional probability for f given A exists.

The theorem can be proved quite a bit more generally than this. For
example if Y is Borel isomorphic® to a Borel subset of a Polish space the
theorem goes through.

3This means that there is a measurable bijection whose inverse is also measurable.
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6.5 Stochastic Processes and Markov Processes

Roughly speaking a stochastic process is a probabilistic dynamic system.
The word “dynamic” is supposed to convey the idea that there is some sort
of temporal evolution. The mathematical theory is, however, stated rather
more generally.

Definition 6.17 A stochastic process is an indexed family of random
variables X; : Q@ — R where (2, B, P) is a probability space and t € T is
the indexing set.

One usually thinks of T' as “time”, so it can be viewed as an ordered
subset of the reals. In principle, the probability space can vary too but, for
simplicity, we shall assume a fixed probability space.

Given this view, we can define the joint distribution P, ;, of the vari-
ables Xy,,..., X, as a measure on R",

Biy 1, (B) = P({z|(X, (2), ..., X, (2)) € B}).

This satisfies the obvious consistency requirement — called the Kolmogorov
consistency requirement — below

Pt1~~~tntn+1 (B X R) = Pt1~~~tn (B)'

This says that the last variable can be integrated out to give the prior dis-
tribution. Note that we do not intend the “time” to be discrete here. The
second Kolmogorov consistency requirement states that if the variables are
permuted then the distributions are altered in the obvious way. The fun-
damental theorem of the subject says that any family of finite dimensional
probability distributions satisfying these two conditions can be realised as
a stochastic process.
One can think of the probability distribution at time t, i.e.

Fi(A) = P({z|Xi(z) € A})

as representing the state of a transition system. The passage from P; to
P, with t < s may be thought of as a “transition” (discrete) or “evolution”
of a system. In general, stochastic processes allow one to consider the
possibility of the steps depending on the entire past history of the processes.
A very important restriction is to consider processes where the transition
probabilities depend on the entire evolution so far. A very important special
class of stochastic processes are Markov processes. These are processes in
which the transitions depend only on the current state.
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More precisely we proceed as follows. We write P(A,4+1|1, ..., 2y) for
the conditional probability that the system is in the set A, 41 given that at
time t1 it was at x1, etc. Now in a Markov process we have

P(An+1|$1, e ,Zn) = P(An+1|xn)

In other words, only the latest time matters. This definition applies equally
well to discrete and continuous-time systems. This is a restriction, but a
large number of systems are indeed found to be Markovian. Furthermore
many apparently non-Markovian processes can be redefined to be Marko-
vian by changing the state space. Thus if the transitions depend on a
bounded number of past states the state space can be redefined to make
it a Markov process by making the states tuples of former states. The key
feature of a Markov process is that one can think of the transitions as being
governed by a transition matrix (discrete state space) or stochastic kernel
(continuous state space).

Typical examples of Markov processes are probabilistic automata,
branching processes, random walks, arrival processes and a multitude of
others of practical importance. The literature is vast and of varied accessi-
bility. The standard probability texts contain references to the literature on
this topic. Among many excellent places to start are the books by Kingman
and Taylor [KT66] and by Billingsley [Bil95].



Chapter 7

Bisimulation for Labelled Markov
Processes

In this chapter we introduce a class of labelled transition systems — labelled
Markov processes (LMP) — and define bisimulation for them. Labelled
Markov processes are probabilistic labelled transition systems where the
state space is not necessarily discrete. The state space could be the reals,
for example. The labels represent actions that the process could do, or be
subject to. These are just like the actions in a Markov decision process
(MDP), the only difference is one of viewpoint.

In both MDPs and LMPs one views the actions as “external” and inde-
terminate. When an action is performed a probabilistic transition occurs;
the final state is a result of the choice of action and the internal indeter-
minacy of the system modelled by the probabilistic transition®. In LMPs
one is interested in guarantees about the behaviour of the system under
all possible external choices of the actions. The idea is that the system
functions in an environment which chooses the actions and we want to en-
sure that the system satisfies behavioural specifications regardless of what
the environment may do. In this model — the reactive model — we do not
model how the external actions are chosen: we do not, for example, assign
probabilities to external actions. LMPs were developed in the context of
verification and the environment was viewed as an “adversary”.

By contrast, MDPs were developed in the context of optimisation. One
is interested in optimising some aspect of the behaviour assuming that one
can choose the actions. One often assigns a reward to the actions or states
of the system and the main interest is maximising the expected or average
reward by formulating an appropriate policy for choosing actions. Thus

1Sometimes there is a further level of indeterminacy where after an action one of
several possible probabilistic transitions is chosen. We will assume that this does not
happen.
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though the models are similar there are quite different viewpoints.

For the moment these differences will not be important because we are
interested in the mathematics of the models. In a later chapter we will look
at applications of the theory to MDPs.

The main point of this work is to understand how stochastic contin-
uous systems interact with discrete systems. Typically one will have a
piece of software connected to some physical device. Telecommunication
or process control systems are good examples. To analyse such so-called
“hybrid systems” one needs ideas from process algebra (bisimulation) as
well as continuous mathematics. The fundamental new ingredient offered
by computer science (apart from the manifest idea of computability or ef-
fectiveness) to these subjects is compositionality. Thus while the theory
of stochastic processes [CM65] is concerned with a detailed analysis of the
time evolution of systems behaving according to probabilistic laws, very lit-
tle is ever done to analyse the behaviour of coupled systems in a systematic
way. Computer scientists have stressed compositionality as a way to attack
the formidable intricacy of the systems they have dealt with. For example,
in Hillston’s work, compositionality is the key contribution of her approach
to performance modelling [Hil94].

The notion of bisimulation is central to the study of concurrent systems.
While there are a bewildering variety of different equivalence relations be-
tween processes (two-way simulation, trace equivalence, failures equivalence
and many more) bisimulation enjoys some fundamental mathematical prop-
erties — most notably its characterisation as a fixed-point — which makes it
the most discussed process equivalence. Of course there are many different
variants of bisimulation itself! We are not concerned with adjudicating be-
tween the rival claims of all these relations, but rather, we are concerned
with showing how to extend these ideas to the world of continuous state
spaces. As we shall see below, new mathematical techniques (from the
point of view of extant work in process algebra) have to be incorporated
to do this. Once the model and the new mathematical ideas have been
assimilated, the whole gamut of process equivalences can be studied and
argued about.

From an immediate practical point of view, bisimulation can be used
to reason about probabilistic, continuous state-space systems (henceforth
Markov processes) in the following simple way. One often “discretises” a
continuous system by partitioning the state space into a few equivalence
classes. Usually one has some intuition that the resulting discrete system
“behaves like” the original continuous system. This can be made precise by
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our notion of bisimulation. It is also the case that some systems cannot be
so discretised, later we will develop approximation techniques to deal with
these cases.

7.1 Ordinary Bisimulation

The central concept in this chapter is bisimulation, a behavioural equiva-
lence between processes. Bisimulation was invented by David Park [Par81]
as a formalisation of Milner’s notion of behavioural equivalence [Mil80] in
the context of process algebra. Park’s original slides on this are hard to find
and the main source for this material is Milner’s book on CCS just cited. A
fascinating historical account of bisimulation is available from Sangiorgi’s
web page [San04]. There were precursors of this idea in logic, automata
theory and the theory of Markov chains [KS60].

In the case of labelled transition systems one can explain the concept as
follows. Suppose that (5,4, -C S x A x 9) is a labelled transition system.
We say that an equivalence relation R is a bisimulation relation if whenever
sRt we have

Vac As s =3 (t =t and s'Rt)

and wice versa. Thus this is a relation preserved by the dynamics. The
apparent circularity in the definition is in fact not a circularity at all. This
is simply a property of R which may or may not hold for a given R. We
say s and s’ are bisimilar — and write s ~ s’ — if there is a bisimulation
relation R with sRs’. Thus, ~ is the largest bisimulation relation.

It can be defined as the greatest fixed point of a suitable functional on
the lattice of relations. Let R be the lattice of binary relations ordered by
inclusion. We define F : R — R as follows:

sF(R)t <= Yac As s = (3t't =t and s'Rt’)

and wvice versa. It is easy to check that this functional is monotone on
the lattice of relations and therefore has a greatest fixed point. The great-
est fixed point is precisely the relation ~ above. We will use both these
viewpoints in our probabilistic extension.
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7.2 Probabilistic Bisimulation for Discrete Systems

In this section, we recapitulate the Larsen-Skou definition of probabilistic
bisimulation [LS91]. The systems that they consider will be called labelled
Markov chains here.

Definition 7.1 A labelled Markov chain is a quadruple (S, A, C,, P,),
where S is a countable set of states, A is a set of actions, and for each a € A,
we have a subset C, of S, a function, P,, called a transition probability
matrix,

P,:C, xS —10,1]
satisfying the normalisation condition
Vae A s€CyYyecsPa(s,s) =1.
If we have the weaker property,
Va€ A,s€CuYyesPu(s,s) <1
we call the system a partial labelled Markov chain.

The sets C, are the sets of states that can do an a-action. If we have partial
labelled Markov chains then we can just dispense with the C, sets. In what
follows we suppress the action set, i.e. we assume a fixed action set given
once and for all.

Definition 7.2 Let T = (S5, P,) be a labelled Markov chain. Then a
probabilistic bisimulation =, is an equivalence on .S such that, when-
ever s =, t, the following holds:

Va € AVA € S/ =), YoecaPu(s,s') =TgecaPult,s).

Two states s and t are said to be probabilistically bisimilar (s ~pg t)
in case (s,t) is contained in some probabilistic bisimulation.

Intuitively, we can read this as saying that two states are bisimilar if we get
the same probability when we add up the transition probabilities to all the
states in an equivalence class of bisimilar states. The addition is crucial —
the probabilities are not just another label. The subtlety in the definition is
that one has to somehow know what states are probabilistically bisimilar in
order to know what the equivalence classes are, which in turn one needs in
order to compute the probabilities to match them appropriately. Note the
similarity of this definition with the first definition of ordinary bisimulation.
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The paper by Larsen and Skou does much more than just define bisim-
ulation. They introduce the notion of testing a probabilistic process and
associating probabilities with the possible outcomes. They then introduce
a notion of testable properties. The link with probabilistic bisimulation is
that two processes are probabilistically bisimilar precisely when they agree
with the results of all tests. They also introduce a probabilistic modal
logic and show that bisimulation holds precisely when two processes sat-
isfy the same formulas. We will not study testing in this book but it has
been analysed by Stoelinga and Vaandrager [SV03] and by van Breugel et
al. [vBMOWO5]. We will, however, analyse the modal logic appropriate to
labelled Markov processes.

7.3 Two Examples of Continuous-State Processes

We begin with a simple example, more for introducing terminology than for
any intrinsic interest. Imagine a system with two labels {a,b}. The state
space is the real plane, R*. When the system makes an a-move from state
(z0,yo) it jumps to (z,yo) where the probability distribution for x is given
by the density K, exp(—a(z —¢)?), where K, = \/a/7 is the normalising
factor. When it makes a b-move it jumps from state (z, yo) to (xo,y) where
the distribution of y is given by the density function Kgexp(—3(y — yo)?).
The meaning of these densities is as follows. The probability of jumping
from (zo,yo) to a state with an z-coordinate in the interval [s, ] under an
a-move is fst K, exp(—a(z —x0)?)dr. Note that the probability of jumping
to any given point is, of course, 0. In this system the interaction with
the environment controls whether the jump is along the z-axis or along
the y-axis but the actual extent of the jump is governed by a probability
distribution. Interestingly, this system is bisimilar to a one-state system
which can always make a or b moves. Thus, from the point of view of an
external observer, this system has an extremely simple behaviour. The more
complex internal behaviour is not visible to an external observer. The point
of a theory of bisimulation that encompasses such systems is to say when
systems are equivalent. Of course this example is already familiar from the
nonprobabilistic setting; if there is a system in which all transitions are
always enabled it will be bisimilar (in the traditional sense) to a system
with one state. Bisimulation is a very strong notion and there are much
weaker notions that are appropriate in various situations.

Now we consider a system which cannot be reduced to a discrete sys-
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tem. There are three labels {a,b,c}. Suppose that the state space is R.
The state gives the pressure of a gaseous mixture in a tank at a chemical
plant. The environment can interact by (a) simply measuring the pressure,
or (b) inject some gas into the tank, or (¢) pump some gas from the tank.
The pressure fluctuates according to some thermodynamic laws depend-
ing on the reactions taking place in the tank. With each interaction, the
pressure changes according to three different probability density functions,
say f(po,p),9(po,p) and h(po,p) respectively, with nontrivial dependence
on po. In addition, there are two threshold values p; and p;. When the
pressure rises above pj, the interaction labelled b is disabled, and when the
pressure drops below p; the interaction labelled c is disabled. It is tempting
to model this as a three-state system, with the continuous state space par-
titioned by the threshold values. Unfortunately one cannot assign unique
transition probabilities to these sets of states for any choices of f, g and h;
only if very special uniformity conditions are obeyed can one do this.

7.4 The Definition of Labelled Markov Processes

In brief, a labelled Markov process can be described as follows. There is
a set of states and a set of actions. The system is in a state at a point in
time and moves between states. The state to which it moves is governed by
the interaction with the environment, and this is indicated by the actions.
The system evolves according to a probabilistic law. If the system interacts
with the environment through an action it makes a transition to a new state
governed by a transition probability distribution. So far, this is essentially
the model developed by Larsen and Skou [LS91] in their very important and
influential work on probabilistic bisimulation. They specify the transitions
by giving, for each label, a probability for going from one state to another.
Bisimulation then amounts to matching the moves; this means that both
the labels and the probabilities must be the same.

In the case of a continuous state space, however, one cannot simply spec-
ify transition probabilities from one state to another. In most interesting
systems all such transition probabilities would be zero! Instead one must
work with probability densities. The precise gadget needed to work with
these systems is the stochastic kernel which we have studied in the previous
chapters. These will play the role of (probabilistic) transition relations.

A key ingredient in the theory is the transition probability function.

Definition 7.3 A transition probability function on a measurable space
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(X,Y) is a function T': X x ¥ — [0, 1] such that for each fixed = € X, the
set function T'(z, -) is a (sub)probability measure, and for each fixed A € &
the function T'(-, A) is a measurable function.

One interprets T'(x, A) as the probability of the system starting in state x
making a transition into one of the states in A. The transition probability is
really a conditional probability; it gives the probability of the system being
in one of the states of the set A after the transition, given that it was in
the state = before the transition.

It will be convenient to work with sub-probability functions, i.e. with
functions where T'(z, X) < 1 rather than T'(x, X) = 1. The mathematical
results go through in this extended case, but the stochastic systems studied
in the literature are usually only the special cases where T'(z, X) is either
1 or 0. In fact what is often done is that a state z with no possibility of
making a transition is modelled by having a transition back to itself. For
questions concerning which states will eventually be reached (the bulk of
the analysis in the traditional literature) this is convenient. If, however, we
wish to make contact with the probabilistic verification and process algebra
community, we need to make a distinction between a state which can make
a transition and one which cannot. In the AI community one often works
with observations associated with a state or transition and every state can
make a transition with probability 1 with every action. These viewpoints
are not really different in any significant way and one can translate back
and forth. When we look at MDPs we will adopt the AI conventions.

The mathematical theory of the present chapter requires an analytic
space, a concept explained in the next section in order not to disrupt the
flow of ideas. Do not worry if you have no idea what they are for the
moment. Thus instead of imposing an arbitrary o-algebra structure on the
set of states, we will require that the set of states be an analytic space.

Definition 7.4 A partial labelled Markov process with actions A
is a structure (S, %, {7, | a € A}), where S is the set of states, which is
assumed to be an analytic space, and ¥ is the o-field on S, and

Va e A1, : S x ¥ —[0,1]

is a transition sub-probability function. We are usually interested in the
following special case called a labelled Markov process. We have a
partial labelled Markov process as above and a predicate Can on S x A
such that for every (x,a) € Can we have 7,(x,X) = 1 and for every
(x,a) ¢ Can we have 7,(z, X) = 0.
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We will fix the actions to be some A once and for all. The resulting theory is
not seriously restricted by this. We will write (S, X, 7,) for partial labelled
Markov processes, instead of the more precise (S, %, Va € A.7,). In case we
are talking about discrete systems, we will use the phrase “labelled Markov
chain” rather than “discrete, labelled, Markov process”.

7.5 Basic Facts About Analytic Spaces

The basic requirement for the theory to work smoothly is that one should
be able to define regular conditional probability densities. As we have
seen, regular conditional probability densities are known to exist if we work
with Polish spaces. In terms of defining bisimulation, Polish spaces work
well, but in characterising bisimulation in terms of a logic we need ana-
lytic spaces. The point is that we have to construct quotients of spaces
by equivalence relations, but quotients of Polish spaces by equivalence rela-
tions are not necessarily Polish. However, analytic spaces have much better
stability properties and turn out to be ideally suited for our purposes. The
source for the material in this section is Dudley [Dud89] Chapter 13 and
Arveson [Arv76] Chapter 3.

Recall that a Polish space is the topological space underlying a complete,
separable metric space. Any discrete space is Polish. Now a countable
product of Polish spaces with the product topology is also Polish. Thus
the space N°° is Polish. Any Borel set in a Polish space is the continuous
image of N°° but the converse is not true.

Definition 7.5 Let Y be a Polish space. A subset of Y is said to be
analytic if it is the continuous image of some Polish space.

The following theorem shows that the space N°° plays a special role in the
theory.

Theorem 7.6 Let Y be Polish spaces and let A be a subset of Y. The
following siz conditions are equivalent:

(1) A is analytic,

(2) A is the image of some Polish space under a measurable mapping,
(8) A is the continuous image of a Borel subset of a Polish space,

(4) A is the measurable image of a Borel subset of a Polish space,

(5) A is the continuous image of N,

(6) A is the measurable image of N*°.



Bisimulation 97

It is worth noting that the space IN*° captures both continuous aspects —
for example, every open set in R™ is the continuous image of it — and dis-
crete aspects, since it is, for example, totally disconnected. The surprising
fact is that there are non-Borel analytic sets. The construction is rather
complicated but it does not require the axiom of choice. We say that a
measurable space is an analytic space if it is measurably isomorphic to an
analytic set in a Polish space.

The next theorem states that analytic sets, though not always Borel,
are always measurable.

Theorem 7.7 In a Polish space any analytic set is measurable in the
o-field constructed by completing any probability measure.

Such sets are called universally measurable. It is very hard to find nonan-
alytic universally measurable sets.

The next lemmas are Theorem 3.3.5 of [Arv76] and one of its corollaries.
We say that two sets in a Polish space are separated if there are contained
in disjoint Borel sets. The following result is needed later.

Proposition 7.8 Two disjoint analytic sets in a Polish space are sepa-
rated.

We say that a o-field separates points if, whenever x # y, there is a mea-
surable set, E, for which xg(x) # xg(y). The following powerful theorem
and its consequences play a key role in our treatment of the logic.

Theorem 7.9 Let (X,X) be an analytic space and suppose that Lo is
a countably generated sub-o-field of ¥ that separates points in X. Then
Yo =2X.

For our purposes the following corollary is crucial.

Corollary 7.10 Let X be an analytic space and let ~ be an equivalence
relation on X. Assume that there is a sequence f1, fa,... of real-valued
measurable functions on X such that for all x,y in X we have x ~ y iff for
all f; we have fi(z) = fi(y). Then X/ ~ is an analytic space.

This result is the reason why we were forced to work with analytic spaces.
All this digression into analytic spaces would be pointless if we did not have
the following result.

Theorem 7.11  Regular conditional probability densities exist on analytic
spaces.
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This result can be found in the comprehensive textbook of J. Hoffman-
Jorgensen [HJ94b]. In that book a rather more general result is proved and
one has to work a little to show that the above theorem is a consequence.
The original result is due to Jan Pachl [Pac78] who also proved that no
extensions of his result were possible.

7.6 Bisimulation for Labelled Markov Processes

The definition of bisimulation given in our original paper [DEP02] is ex-
pressed in categorical terms and is quite subtle and technically complicated.
The proof that bisimulation is an equivalence relation depends on a the-
orem of Edalat [Eda99] which has an intricate proof. Edalat’s result was
later extended and simplified by Doberkat [Dob03]. In this book, how-
ever, we use a definition much closer in spirit to the original Larsen and
Skou definition. With this approach it is immediate that bisimulation is an
equivalence relation. This approach was discovered later and appeared in
our paper on approximation [DGJP03].

The fundamental process equivalence that we consider is strong proba-
bilistic bisimulation or just “bisimulation” henceforth. The definition that
we use is a slight adaptation of the definition due to Larsen and Skou [LS91],
with extra conditions to deal with measure-theoretic issues.

Probabilistic bisimulation means matching the moves and probabilities
ezractly — thus each system must be able to make the same transitions with
the same probabilities as the other. Larsen and Skou define a bisimulation
relation R as an equivalence relation on the states satisfying the condition
that, for each label a, equivalent states have equal probability of making
an a-transition to any R-equivalence class of states. In the continuous case,
we demand that equivalent states have equal probability of making an a-
transition to any union of equivalence classes of states provided that the
union is measurable.

Instead of talking about sets of equivalence classes we will instead use
the notion of R-closed sets. Let R be a binary relation on a set S. We say
aset X CSis R-closed if R(X) :={t|3s € X, sRt} is a subset of X. If R
is reflexive, this becomes R(X) = X. If R is an equivalence relation, a set
is R-closed if and only if it is a union of equivalence classes.

If we want to talk about bisimulation between two different LMPs rather
than between the states of a single LMP it will be convenient to explicitly
define the notion of direct sum of two labelled Markov processes. Then
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we can define bisimulation on the combined state space. For this it is also
convenient to introduce an initial state ¢ for an LMP.

Definition 7.1 Let S = (S,4,%,7) and 8" = (5,4, %', 7') be two labelled
Markov processes. The direct sum S + S’ of these processes is a process
U = (U,up, 2, p) where U = SWS"U{ug}, Q is the o-field generated by
YUY, and the transitions are as follows: for all s € S, s’ € 5, p,(s, X W
X') =714(s,X) and p,(s’, X W X') = 7/(s', X’). The initial distribution is
given by pa(uo, i) = pa(uo,i’) =1/2.

This construction is purely formal and is only used in order to define a
relation on the common state space.

Definition 7.2 Let S = (5,4,%,7) be a labelled Markov process. An
equivalence relation R on S is a bisimulation if whenever sRs’, with s, s’ €
S, we have that for all a € A and every R-closed measurable set X € ¥,
Ta(8,X) = 74(¢’, X). Two states are bisimilar if they are related by a
bisimulation relation.

Let S = (S,i,%,7) and 8’ = (S',#,%,7') be a pair of labelled Markov
process. S and S’ are bisimilar if there is a bisimulation relation on some
process U, of which S and S’ are direct summands, relating 4 and 4’ in U.

Alternately, bisimulation on the states of a labelled Markov process can be
viewed as the maximum fixed point of the following (monotone) functional
F on the lattice of equivalence relations on (S x 5, C):

sF(R)tif for all a € A,and all R-closed C € X, 7,(s,C) < 7,(¢t, C).

The intuition of this definition is that the relation R relates those states
that can be “lumped” together. Bisimulation is the largest such relation.
In fact the notion of bisimulation (for systems with a single action and
no nondeterminism) was known in the queuing theory community [KS60]
under the term “lumpability”. With regard to bisimulation on processes,
note that we do not require U to be exactly S + S’ but rather a sum
of a number of processes, of which are S and S’. The reason for this is
that transitivity of bisimulation would not follow in any obvious way with
U being exactly the direct sum. However, the logical characterisation of
bisimulation below will allow us to restrict ourselves to only considering
U =S + &' in the above definition.

With our definition of bisimulation the following proposition is easy.

Proposition 7.12  Bisimulation is an equivalence relation.
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Proof. Bisimulation is obviously reflexive and symmetric. For tran-
sitivity, consider two bisimulations R; and Ry on a single process § =
(S,1,2,7). Let R be the transitive closure of Ry U Ry. Then every measur-
able R-closed set is also R;-closed, i = 1,2, and it follows easily that R is
a bisimulation on S.

In the case of bisimulation between processes, let Ry be a bisimulation
between S and &’ through process Uy = S + &' + T (for some 7) and Ry
a bisimulation between S’ and S” through process Uy = S" + 8" + T’ (for
some 7'). Then construct the direct sum U = U; + Uz. Consider the
following relations in U x U:

e Let I be the symmetric and reflexive closure of the relation in U x U
that relates copies of states from S’ in U; to copies of the same states
in Z/{Q.

o Let F1 =R + idu2, Ey = idz/[1 + Ry

It is easy to show that I, Fq, Es are bisimulations on . Considering the
transitive closure of I U E7 U Es as in the above proof yields the required
result. g

A functional analogue of the concept of bisimulation is a function called
a zigzag.

Definition 7.13 A function f from (S, %, 7,) to (S', X', 7)) is a zigzag if
it satisfies the properties:

(1) f is surjective;
(2) f is measurable;

(3) Vae A,s € 8,0’ €X', 7u(s, fH(0") = TL(f(5),0").

Note that the states are mapped forward by f but the measurable sets
are mapped backwards by f~!; this is why the name “zigzag” is used. The
name “zigzag” comes from modal logic [Pop94]. Requiring f to be surjective
allows us to avoid introducing initial states and worrying about reachable
states. One can immediately check that the identity function is a zigzag.
We had originally defined bisimulation as a span of zigzags [DEP02]. In
the coalgebraic approach to probabilistic systems [RAV97] zigzags appear
naturally as the coalgebra homomorphisms.
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7.7 A Logical Characterisation of Bisimulation

One can define a simple modal logic and prove that two states are bisimilar
if and only if they satisfy exactly the same formulas. Indeed for finite-state
processes one can decide whether two states are bisimilar and effectively
construct a distinguishing formula in case they are not [DEP02]. What was
a surprise is that one does not need infinite branching — even though we
have infinite branching — or negation or even any kind of limited negative
construct. This is in striking contrast with what was known for the dis-
crete case [L.S91] where a strong finite branching assumption was made and
negative constructs were needed in the logic.

As before we assume that there is a fixed set of “actions” A. The logic
is called £ and has the following syntax:

T| o1 A2 | (a)ed

where a is an action and ¢ is a rational number. This is the basic logic
with which we establish the logical characterisation. In later sections we
will work with this logic augmented with disjunction, Ly :

L| o1V .

Definition 7.3 We define the depth of formulas inductively as follows:

depth(T) =0
depth(é N ) = max(depth(), depth(y))
depth(¢ V ) = max(depth(), depth(y))
)

depth({a), ¢

Given a labelled Markov process S = (9,4, X, 7) we write s = ¢ to mean
that the state s satisfies the formula ¢. The definition of the relation [ is
given by induction on formulas. The definition is obvious for the proposi-
tional constant T, conjunction and, when we introduce L./, disjunction as
well. Wesay s |= (a),¢ if and only if 3X € X.(Vs' € X.s' = @) A(14(s, X) >
q). In other words, the process in state s can make an a-move to a state,
that satisfies ¢, with probability strictly greater than ¢?. We write [¢] g for
the set {s €S | s ¢}, and S = ¢ if i = ¢. We often omit the subscript
when no confusion can arise.

The main theorem relating £ and bisimulation is the logical character-
isation of bisimulation. This was proved in [DEP98; DEP02]. The present

2In our earlier work we had used > instead of >.

= depth(¢) + 1
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proof is adapted from that to our present relational presentation of bisim-
ulation.
First we need a straightforward but important lemma.

Lemma 7.1  For any formula ¢ in Ly the set [¢] is measurable.

Proof.  We proceed by structural induction on ¢. The base case corre-
sponding to T is trivial since S € ¥. Conjunction and disjunction are trivial
because, by definition, a o-field is closed under intersection and union. Fi-
nally, we have [(a),0] = 7o (-, [¢]) "' ([g,1]) € X. To justify this first note
that, by hypothesis, [¢] € ¥ by the inductive hypothesis so 74(s, [¢]) is
meaningful. Secondly, 7, is a measurable function in its first argument and
intervals are Borel-measurable so the set [(a),¢] is the inverse image of a
measurable set by a measurable function. 0

The fact that bisimilar states satisfy the same formulas is an easy propo-
sition.

Proposition 7.14 Let R be a bisimulation on S, if sRs’ then s and s’
satisfy the same formulas.

Proof.  We prove the proposition by induction on the structure of formu-
las. The cases of T and conjunction are trivial. Now assume the implication
is true for ¢, i.e., for every pair of R-related states either both satisfy ¢
or neither of them does. This means that the set [¢] is R-closed, and by
Lemma 7.1 is measurable.

Since R is a bisimulation, 74(s, [¢]) = 7a (s, [#]) for all a € A. So s and
s’ satisfy the same modal formulas of the form (a) ¢. O

The converse depends on some remarkable special properties of analytic
spaces. The first is a very strong “rigidity” property: it says that if one has
a sub-o-algebra, say A of an analytic space ¥ and A separates points® (so
it is not too small) and countably generated (so it is not too large) then A
is all of ¥. The second says that if one takes the quotient of an analytic
space in a “reasonable” way then the result is analytic.

Lemma 7.2 Let (X,B) be an analytic space and let By be a countably
generated sub-o-field of B which separates points in X. Then By = B.

Lemma 7.3 Let X be an analytic space and let ~ be an equivalence
relation in X. Assume there is a sequence fi, fo,... of real-valued Borel

3This means that for every pair of distinct points there is a measurable set that
contains one but not the other.
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functions on X such that for any pair of points x,y in X one has x ~ y iff
fo(x) = fuly) for all n. Then X/~ is an analytic space.

These lemmas are from Chapter 3 of Invitation to C* Algebras by Arve-
son [Arv76].
One can see that Lemma 7.3 is ideally suited to our purposes. We have
a natural collection of such functions that we want to use: the formulas of
L, or more precisely the characteristic functions of the sets [¢] for all the
formulas in £. Recall that there are only countably many formulas in L.
We introduce a logical equivalence relation between states.

Definition 7.15 Let S = (5,4, %, 7) be an LMP and s and ¢ be states of
S. We say that s =~ ¢ if

VoeLsE ¢ < tE¢.

Our main goal is to show that & is a bisimulation relation.

We first show that there is a zigzag from any system S to its quotient
under =. If (S, ¥) is a measurable space, the quotient (S/~, X~ ) is defined
as follows. S/ is the set of all equivalence classes. Then the function ¢ :
S — S/~ which assigns to each point of S the equivalence class containing
it maps onto S/, and thus determines a o-algebra structure on S/~: by
definition a subset E of S/~ is a measurable set if ¢~!(E) is a measurable
set in (S, X).

Proposition 7.16  Let (S,X,74) be an LMP. We can define p, so that the
canonical projection q from (S, %, 7,) to (S/~, Xx, pa) 18 a zigzag morphism.

In order to prove this proposition we need a couple of lemmas in addition
to Lemmas 7.2 and 7.3.

The first lemma just says that the transition probabilities to sets of the
form [¢] are completely determined by the formulas.

Lemma 7.4 Let (S,%,7,) and (S',X', 7)) be two LMPs. Then for all
formulas ¢ and all pairs (s,s") such that s = s', we have 7,(s,[¢]g) =

7a(s" [0 5)-

Proof.  Suppose that the equation does not hold. Then, say, for some ¢,
Ta(s, [¢]g) < To(s',[#]g). We choose a rational number ¢ between these
values. Now it follows that s’ = (a),¢ but s [~ (a)q¢, which contradicts
the assumption that s and s’ satisfy all the same formulas. O

The final result that we need is Prop. 2.10 which tells us that when two
measures agree on a 7w-system they will agree on the generated o-algebra.
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This is again just what we need; the formulas are closed under conjunction
so the collection of sets [¢] is a m-system.

Proof of Proposition 7.16: We first show that S/~ is an analytic space.
Let {¢;]i € N} be the set of all formulas. We know that [¢;] ¢ is a measur-
able set for each . Therefore the characteristic functions x4, : S — {0,1}
are measurable functions. Moreover we have

rryiff (VieN.z € [¢i]g <= y € [¢i]g) iff (Vi e N. x4, (2) = x4, (y))-

It now follows by Lemma 7.3 that S/~ is an analytic space.

Let B = {q([¢i]g) : i € N}. We show that o(B) = ¥~. We have
inclusion since B C Y ; indeed, for any ¢([¢:]¢) € B, q_lq([[¢iﬂs) = il s
which is in ¥ by Lemma 7.1. Now o(B) separates points in S/, for if x
and y are different states of S/, take states o € ¢~ !(z) and yo € ¢~ (y).
Then since xg % yo, there is a formula ¢ such that x¢ is in [¢]g and yo is
not. It means that

Vs € ¢ (z),s € [¢p]g and Vt € ¢~ (y),t & [¢]g

so that x is in q[¢] 4, whereas y is not. Since o(B) is countably generated,
it follows by Lemma 7.2, that o(B) = L.

We are now ready to define p,(t,-) over X for t € S/~. We define it
so that ¢ : S — S/~ is a zigzag (recall that ¢ is measurable and surjective
by definition), i.e., for any B € ¥~ we put

ha(t, B) = Ta(s, q_l(B))a

where s € ¢~ !(t). Clearly, for a fixed state s, 7,(s,q 1(-)) is a sub-
probability measure on ¥r. We now show that the definition does not
depend on the choice of s in ¢ 1(t) for if 5,5 € ¢ '(t), we know
that 7,(s,¢71(-)) and 7,(s’,q~1(+)) agree over B again by the fact that
q 'q([¢i]s) = [¢i]s and by Lemma 7.4. So, since B is closed under the
formation of finite intersections we have, from Prop. 2.10, that 7,(s, ¢~ *(*))
and 7,(s’,q71(+)) agree on o(B) = L.

It remains to prove that for a fixed Borel set B of Y, pa(:,B) :
S/~ — [0,1] is a Borel measurable function. Let A be a Borel set of
[0,1]. Then pu(-, B)"Y(A) = q[ra(-,¢ 1 (B))"1(A)]; we know that o =
Ta(, ¢~ 1(B))~1(A) is Borel since it is the inverse image of A under a Borel
measurable function. Now we have that ¢(0) € Y, since ¢ '¢(0) = o;
indeed, if s; € ¢ 1q(0), there exists s2 € o such that ¢(s1) = g(s2), and
we have just proved above that then the 7,(s;, ¢~ !(-))’s must agree. So if
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Ta(8i,q71(B)) € A for i = 2, then it is also true for i = 1, so s; € o as
wanted. So pg(-, B) is measurable. This concludes the proof that S/ is an
LMP and q a zigzag. [

Theorem 7.17 Let (S,i,%,7) be a labelled Markov process. Two states
s, 8" € S are bisimilar if and only if they satisfy the same formulas of L.

Proof. = This is just Prop. 7.14.
<: We will use Prop. 7.16 to show that the relation ~ defined on the
states of S is in fact a bisimulation relation. The key facts are

(1) B € X if and only if ¢ *(B) € %,
(2) Vs € S,B € Yx.p(q(s), B) = 7(s,q71(B)).

Let X € ¥ be ~-closed. Then we have X = ¢~ !(¢(X)) and hence ¢(X) €
Y~. Now if s = ¢, then ¢(s) = ¢(s), and 74(s, X) = pa(f(s), f(X)) =
Ta(8’, X), and hence = is a bisimulation. O

The strategy of the proof is worth recalling since it can be used in
several other situations. We use the logic to deduce that the transition
probabilities coincide on sets definable in the logic; the fact that these sets
form a m-system is important. At first sight, this seems far from being
all measurable sets. However, the unique structure theorem forces this to
extend to all sets.

As a corollary, we deduce that the closure ordinal of the functional F'
defining bisimulation is w. This can be skipped for now but it is interesting
in connection with later results on approximation and the metric.

Corollary 7.18 Define a family of relations R, C LMP x LMP as
follows:

Ry = LMP x LMP
Riy1 = F(R;) for F as defined in discussion of Definition 7.2
R =R

pRq if and only if p is bisimilar to q.

Proof.  The bisimulation relation is contained in Ry; hence by induction
on i and by using R;4+1 = F(R;), and the fact that bisimulation is a fixed
point of the monotone functional F', we get that the bisimulation relation
is contained in R; for all 4, and hence is contained in R = N; R;.

Now we need to prove that pRq implies p is bisimilar to ¢. We prove by
induction on ¢ that [¢] is the union of R; equivalence classes for ¢ > d(¢).
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Formally, sR;t implies for all formulas ¢ of depth i or less, s | ¢ if and
only if ¢ = ¢. The base case is trivial.

Inductive step: Let sR;;it. Consider a formula (a),.¢ such that s =
(a),¢. Thus 7,(s,[#]) > r. But since [¢]g is an R; equivalence class and
is measurable, 7,(t, [¢] g) = Ta(s, [¢]g) > 7. O



Chapter 8

Metrics for Labelled Markov
Processes

The main concept that we have used in the study of labelled Markov pro-
cesses is bisimulation, which is a behavioural equivalence between processes.
Though bisimulation has proven to be a central idea in concurrency theory,
there is a serious objection to using it for probabilistic transition systems
or any other type of transition system — such as real-time systems — where
real numbers play a role. The point is that bisimulation cannot distinguish
between two systems that differ by a small amount in the real-valued pa-
rameters two systems that are completely different. What is needed is a
quantitative measure of how different systems are. This was first empha-
sised by Jou and Smolka [JS90].

A natural idea is to define a notion of approximate bisimulation by say-
ing that the relevant transition probabilities should be close: for example,
they have to be within some given small real number e. Unfortunately this
does not even yield an equivalence relation. This is, however, not a silly
idea and can be made to work through the notion of a wniformity. We
will not pursue this idea here, instead we will seek a direct quantitative
analogue of the idea of an equivalence relation. What is needed is a metric
or, more precisely, a pseudometric.

Definition 8.1 A pseudometric on a set X is a nonnegative real-valued
function d : X x X — R satisfying:

(1) Ve € X d(z,2) =0
(2) Vx,y eX d(a:,y) = d(yvx)
(3) Va,y,z € X d(x,y) <d(z,2) + d(y, 2).

If, in addition, we require that Vz,y € X d(z,y) = 0 = = = y, we get a
metric.

107
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Most of the time we will deal with pseudometrics, i.e. we will allow two
distinct points to be at zero distance. Given a pseudometric one can define
an associated equivalence relation by deeming two points to be equivalent
if they are at zero distance; it is an easy exercise to see that this is indeed
an equivalence relation. Our goal will be to develop a notion of pseudo-
metric between probabilistic transition systems (or states of a probabilistic
transition system) such that the induced equivalence is bisimulation. Thus
the pseudometric will be a natural quantitative extension of the notion of
bisimulation.

Before we continue we should understand why the above axioms for a
pseudometric are chosen. Suppose we informally use the phrasing “x and
y are close” to mean that d(x,y) is “small”, then the first axiom says that
every point is close to itself, the second says that if x is close to y then y is
close to x and the third says that if = is close to z and z is close to y then
x is close to y. These exactly correspond to the axioms for an equivalence
relation. The requirement for a metric says, very roughly speaking, that
the only point close to a given point is the point itself. Henceforth we will
just say “metric” rather than the more correct “pseudometric”, unless there
is a possibility of genuine confusion.

8.1 From Bisimulation to a Metric

The basic intuition behind our metrics is as follows. In view of our earlier
results on the logical characterisation of bisimulation, we know that if two
processes are not bisimilar there will be a formula that distinguishes them.
We measure the distance between processes in terms of the smallest for-
mula required to distinguish them. If the formula is very large then only a
long sequence of observations will distinguish the processes. This view, as
stated, does not take into account the fact that the processes might differ
immediately but do so with probabilities that are very close. There are thus
two dimensions along which processes could differ: their future behaviour
and the immediate transition probabilities. In order to handle the latter
possibility we need some notion of formulas that are “close”. We handle this
semantically by introducing a quantitative analogue of logical formula. The
technical development of these intuitions is based on an idea expounded by
Kozen [Ko0z85] to generalise logic to handle probabilistic phenomena. Later
we will show how the metric can be viewed as a fixed point in a manner
very similar to bisimulation.
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We recapitulate Kozen’s ideas using the following table.

Classical logic Generalisation
Truth values {0,1} Interval [0, 1]
Propositional function Measurable function
State Measure
The satisfaction relation = Integration [

Just as the satisfaction relation, |=, links states and formulas to give truth
values, so the integral links measures (generalised states) with measurable
functions (generalised formulas) to give real numbers (generalised truth
values).

Following these intuitions, we consider a class F of functions that assign
a value in the interval [0,1] to states of a process. These functions are
inspired by the formulas of £ — the result of evaluating these functions at
a state corresponds to a quantitative measure of the extent to which the
state satisfies a formula of £. The identification of this class of functions is
a key aspect of the present development and turns out to be closely related
to value functions for MDPs. The definition of these functions leads to a
metric d:

d(P, Q) = sup{|f(po) — f(a)| | f € F}.

In Section 8.3 we will formalise the above intuitions to define a family of
metrics {d° | ¢ € (0, 1]}. These metrics support the spectrum of possibilities
of relative weighting of the two factors that contribute to the distance
between processes: the complexity of the functions distinguishing them
versus the amount by which each function distinguishes them. The metric
d' captures only the differences in the probabilities; probability differences
at the first transition are treated on par with probability differences that
arise very deep in the evolution of the process. In contrast, the metrics d°
for ¢ < 1 give more weight to the probability differences that arise earlier in
the evolution of the process, i.e. differences identified by simpler functions.
As ¢ approaches 0, the future gets discounted more.

As is usual with metrics, the actual numerical values of the metric are
less important than properties like the significance of zero distance, relative
distance of processes, contractivity and the notion of convergence (i.e. the
topology). If the discount factor c is strictly between 0 and 1 none of these
properties are affected. If, however the discount factor is 1 — corresponding
to no discount — then the notion of convergence is drastically affected.
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Example 8.1 Consider the process P with two states, and a transition
going from the start state to the other state with probability p. Let Q be a
similar process, with the probability ¢q. Then in Section 8.3, we show that
d°(P,Q) = c|p — q|. Now if we consider P’ with a new start state, which
makes a b transition to P with probability 1, and similarly Q' whose start
state transitions to Q on b with probability 1, then d*(P’, Q") = ¢2|p — ¢,
showing that the next step is discounted by c.

Each of these metrics agree with bisimulation:

d°(P,Q) =0, iff P and Q are bisimilar.

8.2 A Real-Valued Logic on Labelled Markov Processes

In this section we present an alternate characterisation of probabilistic
bisimulation using functional expressions — which define functions into the
reals — instead of the logic £. We define a set of functions that are sufficient
to characterise bisimulation. It is worth clarifying our terminology here. We
define a set of functional expressions or real-valued formulas by giving an
explicit syntax. A functional expression becomes a function when we in-
terpret it in a system. Thus we may loosely say “the same function” when
we move from one system to another. What we really mean is the “same
functional expression”; obviously it cannot be the same function when the
domains are different. This is no different from having syntactically defined
formulas of some logic which become boolean-valued functions when they
are interpreted.

Definition 8.1 For each ¢ € (0, 1], we consider a family F* of functional
expressions generated by the following grammar.

fi= 1= ) [min(h, f2) | swp fi| £ &,

1€N

where ¢ is a rational. F¢ is the sub-collection of F° that does not use the
negation functional 1 — f and Fing is the sub-collection of F§ that uses
finite sup only.

The interpretation is as follows. Let & = (5,s0,%,7) be a labelled
Markov process. We write fg : S — [0,1] for the interpretation of f € F*
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on S and drop the subscript when no confusion can arise. Let s € S. Then

1(s) =
1- f y=1-f

(

(a)f(s) —c/f V7o (s, dt),

(f ©q)(s) = max(f(s) —¢,0),
and min and sup are defined in the obvious way.

In the interpretation of (a) f, ¢ refers to the constant in F¢; this is the only
place where an explicit mention of ¢ occurs. We use (a)"f to represent
(a)---{a)f where (a) appears n times.

One can think of these functional expressions as being associated with
the logical connectives of £ in the following way. T is represented by the
functional 1 and conjunction by min. The role of the connective (a), is split
up into two expressions: (a)f, which intuitively corresponds to prefixing,
and f © g, which captures the “greater than ¢” idea.

S0 S0
al}] \a[\i] a[y \a[\
S1 S2 S1
la[l] a[%]l la[l]
S3 S4 S3
A1 AQ

Fig. 8.1 Labelled Markov chains

Example 8.2 Consider the finite processes A; and As in Figure 8.1. The
functional expression ({a)1) of F¢ evaluates to c at states so, s2 of both Ay
and As; it evaluates to 0 at states sq,s3 of A7 and s3,s4 of Ay, and it
evaluates to ¢/2 at state s; of Ay. The functional expression ({(a).{(a)1)
evaluates to 3¢2/4 at states sg of A1, Ay and to 0 elsewhere. The functional
expression ((a)({a)1© §)) evaluates to 3¢?/8 at state s of A1 and to ¢?/4
at state so of As. This example shows the need for the connective © in the
functional expressions. Without it there would be no way of distinguishing
these two. Note, however, that this example relies on the fact that one
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can have subprobability distributions associated with a labelled transition.
If we insisted that all probability distributions had to be normalised then
functional expressions without & would suffice [{AHMO3].

all] al0.4]

9 o

A3 A4

Fig. 8.2 Labelled Markov chains

Example 8.3 Consider the finite process As in Figure 8.2 and functionals
of F¢. A functional expression of the form ({a)".1) evaluates to ¢" at state
sp. At state so of process A4 the same functional expression evaluates to

(c x 0.4).

There is a close relation between the values of these functional expres-
sions and simulation (and bisimulation). The results in the rest of this
section are from Desharnais’s thesis [Des99]; the proofs are provided for
completeness and can be safely skipped without loss of continuity.

A routine induction on the structure of the functional expression f €

¢, shows:

Lemma 8.1 If S is simulated by S, then Vs,s' such that s and s’ are
related by the simulation relation we have

(Vf € F9) [fs(s) < fs(s)]-

The next several lemmas and their corollaries — from Lemma 8.2 to
Corollary 8.2 — are aimed at proving that the functional expressions char-
acterise bisimulation. The proof below uses our earlier results on the logical
characterisation of bisimulation. It is also possible to proceed directly, es-
sentially using the same techniques readapted to functional expressions.
However, the proof below also shows how the functional expressions and
the logical formulas are related.

For any finite process P and any formula, there is a functional from
F¢ which distinguishes between states of P that do or do not satisfy the
formula. This functional furthermore gives a zero value to any state of any
process that does not satisfy the formula.
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Lemma 8.2 Given ¢ € Ly, a finite process P, and c € (0, 1], there is a
functional expression f € F§ such that

(1) Vp € P we have fp(p) >0 iff p =p ¢;
(2) for any state s of any labelled Markov process S, we have fg(s) > 0 =

sES ¢

Proof.  The proof is by induction on the structure of ¢. The key case is
o= {(a) q¢, let g be the functional expression corresponding to ¥ yielded by
induction. Let = min{g(¢) | t € [']p}. By induction hypothesis, = > 0.
Recall that a constant function 1 — ¢ on processes can be obtained with
the functional 1 & ¢: consequently we can legitimately use the notation
min(g,x) to mean min(g,1 6 (1 — x)). Consider the functional expression
[ given by ((a) min(g,z)) © cxq. For all t € [¢]p, min(g,z)(t) = z. Now
for any state p € P,

{a) min(g,x)(p) =cx Y 7alp,t) = coralp, [Wp)-
te[[wﬂp

Now the last expression is > czq if and only if p € [{a) q.¢]]73. Thus f
satisfies the first condition.

The second condition holds because for any s € S, (a) min(g, z)(s) <
cxta(s, [1h]g), so if s [= ¢ then 7,(s,[¥]g) < ¢ and hence f(s) = 0. O

Note that if the formula is finite, then the corresponding functional lies in
Fing . The previous lemma can be partially extended to arbitrary labelled
Markov processes. In this case, the functional corresponding to a formula
does not work for every state of the process. The functional will depend
on the states and the formula must be finite. We omit the latter proofs
since they require the approximation results; the complete proofs appear
in [DGJP04].

In order to proceed we need some finiteness properties. The lemma
below, Lemma 8.3 says that the truth of formulas can be witnessed by
finite sub-processes.

Definition 8.2 S = (S, 50,3, 7) is a sub-process of S’ = (9', s(, ¥/, 7') if
(5,%) C (57,%) (this means that the inclusion map S C S’ is measurable),
so = s, and for every a € A, s € S, X € ¥ we have 7,(s, X) < 7/ (s, X).

Thus, a sub-process has fewer states and lower probabilities than the orig-
inal process.
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Lemma 8.3 Let P be a labelled Markov chain, p € P and ¢ € L\ such
that p |:73 ¢. Then there exists a finite sub-process of P, O, such that
peQy, andp =g 6
Proof. The proof is by induction on ¢. For T, the one state process
containing p suffices. For ¢ = ¢1 A ¢2, we take the union of the finite
processes, QF o 552 given by the induction hypothesis, which ensures that
P ':QZ ¢1 A ¢2. For disjunction, /2, ¢;, we take Q7 (or any other Q7).
Let p =p (a),3. Then, since 7,(p, [{][p) > r, there is a finite subset
={p1,...,pn} C [¥]p, such that 7,(p,U) > r. The required finite pro-
cesb or < )t is now constructed by taking the unions of the finite processes,

w yen Qw , adding state p and transitions from p to p; for i =1.
D

Proposition 8.1 Given ¢ € Ly, a labelled Markov chain P, ¢ € (0,1]
and a state p € P, if p E=p ¢, then there exists f € Fing such that

(1) fp(p) >0 and
(2) for any state s of any labelled Markov process S, we have fg(s) > 0 =

Proof. Let p be a state in P such that p |=p ¢. By Lemma 8.3, there is
a finite sub-process QZ of P such that p |:Qz; ¢. By Lemma 8.2, 3f € Fin§
such that fQ;; (p) > 0 and for any process S, Vs € S, fg(s) > 0= 5 |= ¢.
By Lemma 8.1, fp(s) > szZ5 (s) > 0, so f satisfies the conditions required
by the lemma. O

Corollary 8.1  Given ¢ € Ly, a labelled Markov process S, ¢ € (0,1] and
a state s € S, if s |= ¢, then there exists [ € FinS such that

(1) fs(s) >0
(2) for any state s’ of any other labelled Markov process S', we have

fs(s) >0=5"|=¢.

Corollary 8.2 Given ¢ € Ly and c € (0,1], there exists f € F§ such
that for every state s of any labelled Markov process S,

fols) > 06 sk .
Example 8.4 f4 satisfies:

e fr=1
e For any state s in process S, f(ay,7(8) = max(7.(s, S) — ¢,0).
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o fony = min(fy, fy)
o fovy = max(fy, fy)

The next result says that functions are sound and complete for bisimu-
lation.

Theorem 8.1  For any labelled Markov processes S, S', Ve € (0,1],
se S and s' € S are bisimilar iff (Vf € Fin%) [fg(s) = fs(s')]

Note that the left-to-right direction is also true for any functional of F°
but Fing is enough for the other direction.

Proof. (=) : We show that for any bisimulation R, sRs’ implies that
(Vf € F°) [fs(s) = fs/(s')]. The proof proceeds by induction on the
structure of the functional expression f. The key case is when f is of
the form ({a)g). Then we would like to show that [, ¢ g(t)7a(s,dt) =
Jies 9(t)7 (s, dt). Consider any simple function h approximating g, with
values v;,i = 1...n, defined by h(s) = maz{v; | vi < g(s)}. Then the
set S; = h™1(v;) € SU S’ is measurable because it is g~ ([vs, v;+1)) and
it is R-closed because if t € S; and tRt’ then by induction g(t) = g(¢'), so
t' € S;. Thus 7,(s,S;) = 7.(s',S;), which shows the result.

(<) : Assume that s and s" are not bisimilar. Then there is a formula ¢
of £ such that s = ¢ and s’ [~ ¢ (or the converse). By Corollary 8.1, there
is a functional expression f € Fin¢ such that fg(s) >0 and fg/(s") = 0.

g

Given that we now know that functional expressions characterise bisim-
ulation and that logical formulas also characterise bisimulation we imme-
diately get:

Corollary 8.3 For any process S, (Ve € (0,1]), Vs,s' € S

(Vo eLl)skgoes g él e (VfeF)[fs(s) = fs (s

Note that for the £ sub-fragment of the logic, the resulting function is in
Fing.

The following example shows that the conditional functional expressions
are necessary.

Example 8.5 Consider the processes A, A2 in Figure 8.1. The calcula-
tions of Example 8.2 show that the sy states of A1, As are distinguishable.
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Furthermore, the states are indistinguishable if we use only the function-
als 1,1~ f, (a) f, min(f1, f2),sup, .y fi- Thus, Example 8.2 shows that the
functional expression f © ¢ is indeed necessary.

So far we have shown that functional expressions are just as good for
characterizing bisimulation as were logical formulas. We are now in a posi-
tion to use the extra information in the functions to define a metric.

8.3 Metrics on Processes

In the present section we introduce the formal notion of pseudometrics
between processes. As we have explained above, the metrics measure how
different the processes are from the point of view of observable behaviour.
We show that each d° ¢ € (0,1] is a metric. In particular, processes at 0
distance are bisimilar.

Definition 8.3 Each collection F¢ of functional expressions induces a
distance function as follows:

a“(P,Q) = sup |fp(po) = fo(ao)l-

Theorem 8.2  For all ¢ € (0,1], d° is a metric.

Proof.  The transitivity and symmetry of d° are immediate. d°(S,S’) =
0 iff S and S’ are bisimilar follows from Theorem 8.1. 0

This definition is close in form to the definition of the Kantorovich met-
ric [Hut81] which is used in the theory of optimal transport problems and
also in the theory of fractals by Hutchinson. The difference is in the class of
functions used. In the Kantorovich metric one uses the family of Lipschitz!
functions. In our case the underlying state space is not a metric space? so
we cannot really talk about Lipschitz functions. However — in a sense —
these functions are really close to being Lipschitz. In suitable situations,
one can show that our functions are dense in the class of Lipschitz functions.

We study the family of metrics {d° | ¢ € (0,1]}. These metrics support
the spectrum of possibilities of relative weighting of the two factors that con-
tribute to the distance between processes: the complexity of the functions
distinguishing them versus the amount by which each function distinguishes

IWith Lipschitz constant 1 these are just the contractive functions.
2t is of course metrisable, being analytic.
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them. d! captures only the differences in the probability numbers; proba-
bility differences at the first transition are treated on par with probability
differences that arise very deep in the evolution of the process. In contrast,
the metrics d° for ¢ < 1 give more weight to the probability differences that
arise earlier in the evolution of the process, i.e. differences identified by
simpler functions. As ¢ approaches 0, the future gets discounted more.

As is usual with metrics, the actual numerical values of the metric are
less important than the notions of convergence that they engender. Thus,
we take the uniformity view of metrics, e.g. see [Ger85]?, and will view the
metric via properties like the significance of zero distance, relative distance
of processes, contractivity and the notion of convergence rather than a
detailed justification of the exact numerical values.

Example 8.6 The analysis of Example 8.5 yields d°(4;, Ay) = c2/4.
This is witnessed by the functional (a) min({(a)1, (1 — (a)1) & (1 — ¢)).

Example 8.7 Counsider the family of processes {P. | 0 < € < r} where
Pe = ar—e.Q, i.e. P, is the process that does an a with probability r —e and
then behaves like Q. The function expression ({a)1) evaluates to (r—¢€)c at
P.. This functional expression witnesses the distance between any two P’s
(other functions will give smaller distances). Thus, we get d(Pe,, Pe,) =
cler — €2|. This furthermore ensures that P. converges to Py as € tends to
0.

t

s
Po l\ % oo
p1 qz ---
P2 q1

Fig. 8.3

3Intuitively, a uniformity captures relative distances, eg. is  is closer to z than y; it
does not tell us what the actual distances are. For example, a uniformity on a metric
space M is induced by the collection of all € balls S where Se = {{y | d(z,y) < €} |z €
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Example 8.8 (from [DEP98]) Consider processes s and ¢ of Figure 8.3.
t is just like s except that there is an additional transition to a state which
then has an a-labelled transition back to itself. The probability numbers
are as shown. If both processes have the same values on all functional ex-
pressions we will show that g, = 0, i.e. it really cannot be present. The
functional expression ({a)1) yields ¢(} ,~op:i) on s and ¢(goo + D50 @)
on t. The functional expression ((a){a)1) yields (3 ,~,p:) on s and
*(goo + Y ;5 ¢i) on t. Thus, we deduce that py = qo. Similarly, con-
sidering functional expressions ({(a)(a)(a)1) etc, we deduce that p, = g,.
Thus, ¢ = 0.

8.4 Metric Reasoning for Process Algebras

In this section, we use a process algebra and an example coded in the
process algebra to illustrate the type of reasoning provided by our study.

A process algebra

The process algebra we introduce describes probabilistically determinate
processes. The processes are input-enabled [LT89; Dil88; Jos92] in a weak
sense ((Vp € P) (Va € A) 742(p, P) > 0) and communication is via
CSP style broadcast. We could alternatively assume (Vs € P) (Va €
A) Tg2(s, P) = 1. All the results of this section continue to hold, the only
change is in the definition of prefixing a?,..Q, where one adds a self-loop
labelled a?, probability 1 — r to the start state.

The process combinators that we consider are parallel composition, pre-
fixing and probabilistic choice. We do not consider hiding since this paper
focuses on strong probabilistic bisimulation. Though we do not enforce the
fact that output actions do not block, this assumption can safely be added
to the process algebra®.

We assume an underlying set of labels A. Let A? = {a? | a € A} be the
set of input labels, and A! = {a! | a € A} the set of output labels. Every
process P is associated with a subset of labels: Po C A!, the set of relevant
output labels. This signature is used to constrain parallel composition.

4This would make it an IO calculus [Vaa91].
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Prefixing

P =a?,..Q, where r is a rational number, is the process that accepts input
a and then performs as Q. The number r is the probability of accepting a?.
With probability (1 — r) the process P = a?,..Q will block on an a? label.
P is given by adding a new initial state, pg to . Add a transition labelled
a? from pg to the start state of Q with probability . For all other labels [,
add a [? labelled self-loop at pg with probability 1.

Output prefixing, P = al,..Q, where r is a rational number, the process
that performs output action a! and then functions as Q, is defined analo-
gously. In this case, Po = Qo U{a!}. For both input and output prefixing,
we have: d°(a,.P,a,.P) <c|r—ul.

Probabilistic Choice
P = Q +, Q is the probabilistic choice combinator that chooses Q with
probability r and Q' with probability 1 — 7. Po = Qo U Qp. P=Qu Q'
Now Tf(q,X WX') =r71.(q,X) if ¢ € Q, and sz(q,XErJX’) =71(¢q, X") if
q € Q. We define an initial distribution p: p({go}) =, u({g}}) =1—r, it
is clear that this could be defined in the initial state format (see [DGJP04]).
We have: d(P+,Q,P+,Q) <|r—u|d*(P,Q); d(P+,Q,P' +,.0Q) <
rd*(P,P").

Parallel Composition

P = Q| Q is permitted if the output actions of Q, Q" are disjoint,
ie. Qo N Qp = 0. The parallel composition synchronises on all labels
in 9rNQ;. Po=QoWQy, P =Qx Q. The definition of TZ) is
motivated by the following idea. Let s (resp. s’ ) be a state of Q (resp. Q).
We expect the following synchronised transitions from the product state
(s,s"). The disjointness of the output labels of Q, Q" ensures that there
is no non-determinism. Formally, if [ = a! € Qp, then TZ?((S, s, (¢, 1) =
TZ!)((S, s"), (t,t')) = Tai(s,t) x 724(s',t'). The case when a! € Qp, and | = a?
is similar.

To fix terminology, let us use the same symbol P to stand for the syntac-
tic expression for a process and for the labelled transition system generated
by P. When a process, say P, has an a-transition we cannot say that it
results in a process P’; instead, we must say that it results in some distri-
bution of possible states of P — these states are, of course, denoted in the
syntax by derivatives of the syntactic expression for P.

Definition 8.4 Let P be a process. Then P after a is the same process
but with start distribution given by v(t) = 7,(po,t). We perform some
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normalisation based on the total probability of the resulting initial config-
uration v(P): if v(P) > 0, it is normalised to be 1; if v(P) = 0, it is left
untouched. This definition extends inductively to P after «, where o is a
finite sequence of labels (ag, a1, az, ..., ax).

Note that P after « is identical to P — i.e. it denotes the same labelled
transition system — except that its initial configuration may be different.

Lemma 8.4 Let h € F¢, let P be a process and let a € A. Then
(a)h(po) = ¢ x h(P after a).

Here h(P after a) means h(pj) where pj is the initial state of P after a
Theorem 8.3 Contractivity of process combinators

o d(1..P,1,.Q) < cd(P, Q) for any label |

e d(P+,R,Q+,R)<d(P,Q) for any R

e d(P || R,Q || R) < d(P,Q) for any R for which P || R,Q || R are
defined.

Proof.  The proof proceeds by induction on functional expressions. Let
f=(P,Q) mean |f(po)— f(qo)| where pg (go) is the initial state of P (Q). We
show that for any f, there exists a g such that f~ of the lhs is less than or
equal to some g~ of the rhs. We omit the detailed calculations and prove the
result for the key case where f is (a)h, for parallel composition. Let P’ =
P after b?, Q' = Q after b? and R’ = R after b!. By induction, we know
that there is some functional g such that A= (P’ || R', Q" || R") < g~ (P', Q).
Now suppose a = b!, and b! € Rp, then P || R after a = P’ || R". Now
we calculate as follows:

({a)h)" (P || R, Q|| R) =cx h™((P || R) after a,(Q || R) after a)
=cxh (P | R,Q [ R)
<cxg (P

Q)

= ((w9) (PQ)
O

Thus, Theorem 8.1 allows us to conclude that bisimulation is a congruence
with respect to these operations.
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A bounded buffer example

We specify a producer consumer process with a bounded buffer (along the
lines of [PS85]). The producer is specified by the one-state finite automa-
ton shown in Figure 8.4(a) — it outputs a put, corresponding to producing

put![p](_\ get![q]o get?[1— T]O 70 - /)put?[e]
put?r pu
O O OO0
get?[1—r] get?[1—r]
(a) Producer (b) Consumer (c) Buffer of sise 2
get[q(1—7)] put[pe]
put[pr] put[pr]
A — A
-~ ~_
get[q(1—r7)] get[q(1—r)]

(d) Producer || Consumer || Buffers

Fig. 8.4 The producer consumer example

a packet, with probability p. To keep the figure uncluttered, we omit the
input-enabling arcs, all of which have probability 1. The consumer (Fig-
ure 8.4(b)) is analogous — it outputs a get with probability ¢, corresponding
to consuming a packet. The buffer is an n-state automaton, the states are
merely used to count the number of packets in the buffer, while the prob-
abilities code up the probability of scheduling either the producer or the
consumer (thus the producer gets scheduled with probability r, and then
produces a packet with probability p). Upon receiving a put in the last
state, the buffer accepts it with a very small probability e, modelling a
blocked input. The parallel composition of the three processes is shown
in Figure 8.4(d). Notice that the behavior of this process is very similar
to a random walk — the process moves to the next state with probability
r =p(l —q)/(p+ q— pq), corresponding to a put, and the previous state
with probability 1 — r, corresponding to a get — we ignore the transitions
back to the same state, regarding them as no-ops. It is easy to show that
in any run of this process with a large number of put actions, the expected
fraction of discarded packets is approximately (1 — r/r)~"
the stationary distribution for this process, and since it is ergodic, this sta-

— we compute
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tionary distribution is reached after a large number of steps. Then the put
actions in the last state result in lost packets.

As the buffer size increases, the distance between the bounded buffer
and the unbounded buffer decreases to 0. Let P, = Producer || Consumer
|| Buffery, where Buffer;, denotes the process Buffer with & states. Then by
looking at the structure of the process, we can compute that d(Pj, Poo) x
(cpr)®. Thus we conclude the following:

e As the bounded buffer becomes larger, it approximates an infinite buffer
more closely: if m > k then d°(Pg, Poo) > d(Pm, Poo)-

e As the probability of a put decreases, the bounded buffer approxi-
mates an infinite buffer more closely. Thus if p < p’, d(P?,PL.) <
de(P? ,, 731;;), where the superscripts indicate the producer probability.

e Similarly, as the probability of scheduling the Producer process (r)
decreases, the buffer approximates an infinite buffer more closely.

8.5 Perturbation

One of the major criticisms of process equivalences is that they are not
robust. The results of this section show that if one slightly perturbs the
probabilities in a process the result is close.

Definition 8.2 Let S = (5, s0, X, 7) be a labelled Markov process. Define
S = (S5, 50,%,7") to be an e-perturbation of S if for all labels a,

Vs €S. VX € 3. |1a(s,X) —7.(5, X)| < e.

Our metric accommodates the notion of small perturbations of proba-
bilities.
Proposition 8.3 Ifc < 1, and S is an e-perturbation of S, then

d®(8,8’) < ke where k = sup,, nc".?

Proof.  The proof is by induction on the formulas. The sole non-trivial
case is (a)f. We write f for fg and f’ for fg. Let depth(f) = n, and
|f (&) — f'(t)] < enc™ Then f(s) <c™ and

Se.g. k=1 for c < 1/2.
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/f V7o (s, dt) — /f ! (s,dt)]
—c [ $Olrls.dt) - 7i(s.dt)] [ s, a0 - £(0)

<c"Mr(s, X) —7'(s, X)| + nc"“e/ﬂl(s,t)

n+1 nJrl6

<c €+ nc
= (n+1)c" e

Here X is the set on which the measure 7,(s,.) — 7/,

(s,.) is positive. O
For ¢ = 1, nc™ increases without limit, and Example 8.3 shows that the
above lemma does not hold for ¢ = 1. However in this case we can still
perturb the process S in the following way — let S be unfolded, so it has
no loops. Let ¢;,i € N be nonnegative rationals such that ) .¢; = € <
1/3. Now we obtain S’ by taking the same state set as S, and for each
state s at depth n, |74(s, X") — 7.(s, X’)| < €, for each label a and each
measurable set X’. Then we can show by a similar calculation as above

that d*(S,8") < 1 — e~ %€, thus as e — 0, d'(S,8’) — 0

Example 8.9 Consider “straight line” formulas generated by

¢ ==T](a),¢

Consider one such ¢ = (a1),, ... {an), T . Let P be a finite-state process
unfolded to the depth of the formula such that pg, the start state of P,
satisfies the formula. An easy induction, using the proof of Lemma 8.2,

shows that
Folpo) = & [ (s

where r; = infsex, 74, (s, X;41) and X, 11 is the set of all the states in level
i+ 1 which satisfy the suffix formula (a;41),,,, ---{(an), T. Note that this
bound is achieved by the mn-length chain automaton which has transition
probabilities 7;.

The form of the expression f(po) > ¢” [ [,(ri —¢:) tells us that if f(py) >
€, we can perturb the probabilities at some level by up to en /¢, and the
resulting process will continue to satisfy the formula.

Finally we close with an important example that shows the importance
of the connectivity of the transition graph.
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Example 8.10 Consider the systems shown in Fig. 8.5. The states sg
and ty appear to be very similar and are clearly metrically close - or are
they? In system A there is no steady state distribution (the Markov chain
fails to be aperiodic) whereas in system B there is a steady state, namely
all the mass eventually leaks into state ¢5 and stays there. How is it that
the asymptotic behaviour can be so drastically different when the states
are so close?

The short answer is that the states are not at all close. If one computes
the distance, a routine calculation shows that the states sy and ty are at
distance 1 for the metrics with ¢ = 1 — the maximum possible distance!
Even with ¢ < 1 the distance is large though less than 1.

1 1—e
T T T T
O ~—-C) O =——-)
1 1

®)

(a) System A (b) System B

Fig. 8.5 The effect of topology change

8.6 The Asymptotic Metric

Often in probabilistic reasoning one is interested in the behaviour of a
process once it has “settled down” into some steady state. For LMPs there
may not be a steady state but there is a notion asymptotic metric that can
be defined for our simple process algebra.

Define the j distance between P, O,

d5(P, Q) = sup{d‘(P after a, Q after ) | length(a) = j}.

We define the asymptotic distance between processes P and Q, d5 (P, Q)
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to be
do (P, Q) = limsup dj(P, Q).
i—00 j>i

The fact that dS, satisfies the triangle inequality and is symmetric imme-
diately follows from the same properties for d.

Example 8.11 For any process P, d (aq.P,a,.P) = 0, where g,r > 0.
Consider As from Figure 8.2. Without the normalisation in the definition
of Az after «, we would have got d°_(a4.A43,a,.A3) = c|q — 7|

Q putlpts] N putlpts/2] N putlpts/4] N putlpts/8)
N N /
Fig. 8.6 A producer with transient behavior

Example 8.12 Consider the producer process P2 shown in Figure 8.6.
This is similar to the producer P; in Figure 8.4, except that ini-
tially the probability of producing put is more than ¢, however as
more puts are produced, it asymptotically approaches g. If we con-
sider the asymptotic distance between these two producers, we see that
d¢(Py after put”,P; after put™) o 2-(**tD.  Thus d° (P1,P2) = O.
Now by using the compositionality of parallel composition, we see that
dS.(P1 || Consumer || Buffery, P2 || Consumer || Buffery) = 0, which is
the intuitive result.

Asymptotic equivalence is preserved by parallel composition and prefix-
ing.

Theorem 8.4

(1) dS (1, P,1,.Q) < dS (P, Q) for any label I.
(2) d5 (P [| R, Q|| R) < doo(P, Q).

For the key case of parallel composition, the proof is based on:
(P || Q) after o = (P after aq) || (Q after as),

where a; has the a! labels of « replaced by a? where a! € Po, and similarly
for am.
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8.7 Behavioural Properties of the Metric

The theme of this section is extracting behavioural information from the
metric. Our first lemma shows that we can find a function — in our class of
functions — which is characteristic for e-balls around a given state. Many
of the proofs are omitted, they appear in Desharnais’s thesis [Des99].

Lemma 8.5 Let s be a state in a labelled Markov process S, € € (0,0.5)
and c € (0,1]. Let {f; |i=1...n} be a finite set of functional expressions
of F¢. Then, there is a single function f € F° such that f(s) =€, and for
every t € S we have f(t) =0 iff for any i,|fi(s) — fi(t)| > e.

Proof.  Define functional expressions g; as follows. Let f;(s) = ¢;.

_ {min(fie(Qi_6)’(1_fi)e(l_qi_e))’if(h>€
‘ (1—fi)6(1—qi—6),ifqi<€

Note that g;(s) = e. Also, for any state ¢ in any process, if f;(t) > ¢; +¢€ or
fi(t) < ¢;—¢, then g;(t) = 0. The functional expression f = min(g1, ..., gn)
satisfies the required properties. O

8.8 The Pseudometric as a Maximum Fixed Point

So far we have defined the metric as arising from a real-valued modal logic.
This is very useful if one wants to show that two processes are at a distance
of at least say a: one just has to find a function that differs by a on the
two processes. On the other hand if one wants to perform coinductive style
reasoning — as is familiar with bisimulation in process algebras — one needs a
fixed-point definition of the metric. We present just such a definition; it will
be very much like the fixed point definition of bisimulation. This idea is due
to van Breugel and Worrell who gave a category-theoretic presentation and
defined a final coalgebra in a category of metric spaces. We are essentially
using the same idea except that we work with a lattice of metrics and use
order-theoretic fixed-point theory rather than category theory.

Throughout this section we work with a finite-state system rather than
a full blown LMP. This allows a much simpler presentation and, more im-
portantly, the use of techniques from linear programming. Everything can
be done in greater generality using the more powerful tools of infinite-
dimensional linear programming but this would involve a long mathemati-
cal digression.
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We work with labelled Markov chains, i.e. the discrete version of an
LMP. We recapitulate the definition below.

Definition 8.5 A labelled Markov chain (henceforth LMC), is a tuple
= (S, A,Va € Ar,, so), where

(1) S is a countable set of states, s¢ is the start state.

(2) A is a finite set of action symbols,

(3) For each a € A the transition function 7, : S x S — [0, 1] is a subprob-

ability distribution on its second argument.

We fix an LMC and consider pseudometrics on its set of states. We
work with pseudometrics where the maximum distance is 15; so-called one-
bounded pseudometrics.

Definition 8.6 M is the class of 1-bounded pseudometrics on states with
the ordering

my1 < mg if (Vs,t) [mi(s,t) > ma(s,t)]
Lemma 8.6 (M, <) is a complete lattice.

Proof.  The least element is given by: L(s,t) = 0if s = ¢, 1 otherwise.
The top element is given by (Vs,t)T(s,t) = 0. Greatest lower bounds are
given by: (M{m;})(s,t) = sup, m;(s,t) Note that:
(M{mi}(s,1) = supmi(s, 1)
< sup[mi syu) +my(t, u))

(
< sup[ (s, u)] + sgp[mi(t, )]

(ﬂ{mi}(s, u) + (M{mi}(u, 1)

IN

O

m € M is extended to distributions on sets of states as follows. The def-
inition is based on what is variously called the Kantorovich metric, the
Vaserstein (or Wasserstein) metric and the Hutchinson metric on probabil-
ity measures; we have merely simplified the definition for our context of
discrete finite state distributions. We will refer to it as the Kantorovich
metric.

Definition 8.7 Let m € M. Let P,Q be distributions on states such
that the total mass of P is not less than the total mass of Q. Then m(P, @)

6Given a metric d one can always define a new metric d’(z,y) = % with the

same topology; so no real generality is lost.
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is given by the solution to the following linear program:
max » (P(s;) — Q(s:))a;

subject to : Vi.0 <a; <1
Vi, j. a; —a; < m(s;,s;).

We need the constraints a; < 1 if the distributions do not have equal total
probability, without them the maximum is unbounded.

One of the most useful and fundamental ideas in linear programming is
the duality principle [Chv83]. According to this a linear program expressed
as a maximisation principle is equivalent to a dual linear program expressed
as a minimisation principle, and vice versa. We shall use this idea repeat-
edly in what follows. Why is this useful? The original linear program can
be used easily to provide lower bounds on the solution whereas the dual
can be used to provide upper bounds. Thus one can often prove equations
involving the solutions of an LP by computing matching upper and lower
bounds. This duality principle can be extended to certain infinite dimen-
sional cases but one has to take care that appropriate topological conditions
are met [ANS8T7].

Van Breugel and Worrell showed how to view the definition of the Kan-
torovich metric as a transportation problem. The idea of the dual is that
one has to “ship” the probability mass from one place to another in order
to transform P to @ with the metric on states giving a cost for moving the
probability mass; the dual is then asking for the minimum cost transfor-
mation of P into Q. Following the analysis of [vBWO01], m(P, Q) is given
by the solution to the following dual linear program:

minZlijm(si, Sj) + le + Zyj
1,5 i J

subject to : Vi. Ej lij +x; = P(Sl)

Vi > i lig i = Q(sy)

The following lemma shows that this extension to distributions satisfies the
triangle inequality and is consistent with the ordering on pseudometrics.
The proof of the first item is an elementary exercise using the primal linear
program. The proof of the second item uses the dual linear program —
every solution to the (dual) linear program m’/(P, Q) is also a solution to
the (dual) linear program for m(P, Q).
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Lemma 8.7

o Let m € M. Then, (VP,Q,R) m(P,Q) < m(P,R) + m(Q,R).
o Let m,m’ € M such that m < m/. Then, for all distributions on states

P,Q, m(P,Q) =m'(P,Q).
Proof.

e For the first item, we proceed as follows. We first prove that if total
mass of P is less than the total mass of ), then

maxZ(P(si) —Q(si))a; < max Z(Q(Sl) — P(si))a;

where the a; are subject to the usual constraints 0 <a; < 1,a; —a; <
m(s;, ;).

Z(P(Si)_Q(Sl))al = Z(Q( ) 1 al ZQ Sg +ZP 51
<§j s))(1-a)

Now all the b; = 1 — a; also satisfy the constraints on the a; above,
proving the result.

To prove the triangle inequality, given distributions P, Q, R, >, (P(s;)—
Q(si))ai = Yu(P(si) — R(s))ai + X4(R(s:) — Q(s1))ai. Taking the
maximum over the a; for the left side, we get m(P, Q) < m(P,R) +
m(R, Q).

e For the second item, note that every solution to the linear program
defining m/(P, Q) is also a solution to the linear program defining
m(P,Q). So, the maximum value m(P, Q) is > m’(P, Q). .
The dual linear program is a key tool to move from distributions to

states in the following sense. Given close-by distributions P, @, the dual
linear program permits us to construct a matching of states (that may
include “splitting” of the probabilities assigned by P,Q), in such a way
that exactly the distance between P,(Q can be recovered.

Lemma 8.8 Let P and @ be probability distributions on a set of states
K. Let Py and Py be such that: P = Py + P,. Then, there exist Q1,Qs2,
such that Q1 + Q2 = Q and

m(P,Q) = m(Pr, Q1) + m(Pz, Qz).
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Proof.  Let {l;;}, {x;} and {y;} be such that the minimum is attained
in the dual linear program above: that is, m(P, Q) = >_, ; lijm(si, s;) +
2%+ 225 y5- Define: Qu(s;) = 32, lij Pe(s:)/P(si) +y; Pe(K)/P(K), for
k= 1,2 Then, Ql + QQ = Q
Furthermore, setting

li; = [Pi(s:)/ P(si)]lij,

y; = [P1(K)/P(K)]y; and

zj = [Pi(s:)/P(si)] i

we get:
Z lm + y] Ql 3])
Z L +x = Z[Pl(sz')/P(Sz')]lij + [Pri(si)/ P(si)]ws
= [Pl(Sz')/P(Sz')](Zlij + ;)
= [P1(si)/P(s:)]P(s:)
Thus,
m(Pr, Q1) < Zliljm(siasj)~
Similarly,
m(Py,Q2) <> I5m(si, 5;).
Thus:

m(Pr1, Q1) +m(Py, Q) < Zliljm (siss5) +le +Zyal
+ lem (s, ;) +Zx +Zyj
Z 11 +12)m(si, ) +Z x»+x»)+Z(y}-+yf-)
—le m(si, ;) +le+2yj J

To show that m(P1, Q1) + m(P, Q2) > m(P,Q), consider the a; that
achieves the maximum in the definition of m(P, Q). Recall that if P(K) >
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Q(K), then P(K) > Q;(K). Thus

m(Py, Q1) +m(P,, Q2) > Z ))a; +Z Py(s (si))ai

- 5:))as

= m(P, Q). -

As a straightforward corollary, we get a complete matching on individual
states.

Corollary 8.4 Given distributions P,(Q there exist distributions P;,Q;
such that

e P, are point distributions that are non-zero at only one state.

We now define a functional F' on M that closely resembles the usual func-
tional for bisimulation.

Definition 8.8 Define F', a functional on M as follows. F(m)(s,t) < €
if:

o (V

55 P) (3% Q) [m(P,Q) < €.
o (Vt N

Q) (s = P) [m(P,Q) < ¢].

F(m) is well-defined because of the following lemma. The triangle in-
equality on F(m) follows from the triangle inequality on m extended to
distributions.

Lemma 8.9 F(m) is a pseudometric given by:

F(m)(s,t) = max(max sup inf m(P,Q),max sup inf m(P,Q)).
acA jop t5Q acA o s%P

Proof. We prove the triangle inequality. Let F(m)(s,t) <
e, F(m)(t,u) < e2. Let s % P . Since F(m)(s,t) < e, there exists a
t % @ such that m(P,Q) < e;. Since F(m)(t,u) < 2, there exists a u > R
such that m(Q, R) < €2. From the triangle inequality on m (extended to
distributions), m(P, R) < €1 + €3. O

Lemma 8.10 F is monotone on M.
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Proof. Let ma < mi. We need to show that F(ms) < F(m), ie.
(Vs,t)F(m1)(s,t) < F(ma)(s,t).
Let F(mg)(s,t) < e. Then,

e For all transitions s % P, there exists t — @ such that mo(P, Q) < e.
e For all transitions t 5 @, there exists a transition s — P such that
ma(P,Q) < e.

Since, ma(P, Q) > m1(P,Q), it follows that F'(m1)(s,t) < € as required. O

Using the basic fixed point theorem for complete lattices, F' has a maximum
fixed point.

The maximal fixed point of F' is sound with respect to bisimulation.
The forward implication of the proof uses the pseudometric m’ defined as:
m/(s,t) = 0 iff s and ¢ are bisimilar and 1 otherwise. m’ satisfies m’ <
F(m'). The converse proceeds by showing that the equivalence relation R
induced by 0 distance is a bisimulation.

Lemma 8.11 s=t < m(s,t) =0, where m is the mazimum fized point
of F.

Proof.  For the forward direction, consider the pseudometric m’ defined
as: m/(s,t) = 0 iff s and ¢ are bisimilar and 1 otherwise. Clearly F'(m') <
m'.

For the converse, consider the relation R induced by 0 metric distance.
Clearly, this is an equivalence relation. We show that this equivalence
relation is a bisimulation. Let m(s,t) = 0. Suppose that s - P and
P(E) = p for some R-closed set E. Given any € > 0, since m(s,t) = 0, we
get a transition t % @ such that m(P, Q) < de/n?, where n is the number of
states and d = min{m(s;, s;)|s;, s; are states in the system, m(s;, s;) > 0}.
Then in the dual linear program, l;; < €/n? for all i, j such that m(s;, s;) >
0, and so are z; and y;. Now |P(s;)—Q(si)| = X2, lij+xi—> p lei—yi < €/n
as l;; cancels out, and there are at most n positive and n negative terms on
the rhs. Thus |P(E) — Q(E)| < ¢, as desired. O

This fixed point definition of the metric can be shown to be the same as
the previous definition. In a paper on weak bisimulation by Desharnais
et. al. [DGJP02a] the metric analogue of weak bisimulation is developed
in both ways and their equivalence is established. The LP techniques are
crucial to this proof.



Chapter 9

Approximating Labelled Markov
Processes

In the previous chapters we developed a theory of labelled Markov
processes on continuous state spaces. How does one deal with these
spaces computationally? Can one make available the model checking
techniques that have been developed for finite-state probabilistic sys-
tems [BdA95; Bai96; HK97; BCHG197; dAKNT00]? Clearly one needs
to be able to approximate labelled Markov processes, but we need to do so
in a way that respects the behavioural properties that we have taken such
pains to analyse and characterise.

Typically one approximates a continuous-state system by “carving up”
the state space into a finite number of clusters. These clusters are usually
based on some “natural” geometric structure of the state space. Quite
often this works very well, but in general, the geometry of the state space
is not guaranteed to be a good guide to its dynamics. What we need is an
approximation scheme that is guided by the bisimulation relation. This is
precisely what we do in this chapter.

We show that, for every LMP S, we can define a sequence of finite-
state approximants S, such that Ssimulates every one of the S,, and they
converge to S in the metrics of the last chapter. Thus, “in the limit”, the S,
are behaviourally equivalent to the original process. In fact there is an even
better property: for every modal formula ¢ satisfied by S there is an n such
that S,, satisfies ¢. One can therefore verify whether S satisfies a formula of
interest, by checking whether that formula is satisfied by an appropriately
chosen §,,. Best of all, one can even “adapt” the approximation scheme to a
set of formulas F in such a way that we produce a finite-state approximant
Q with the property that for any formula ¢ € F, S satisfies ¢ if and only
if Q does.

133
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9.1 An Explicit Approximation Construction

In this section we present the first approximation construction; this
appeared in [DGJP00] with the full version of the paper appearing
in [DGJP03]. It is based on partitioning the state space of the LMP
into finitely many blocks. One gets better and better approximations by
refining these blocks. Every approximant is simulated by the original sys-
tem, so every formula satisfied by an approximant is also satisfied by the
LMP being approximated. However, more is true, as we have noted above.
Every formula that is satisfied by the “big” system is also satisfied by some
approximant.

For any labelled Markov process S, we build a sequence of finite acyclic
labelled Markov processes (FAMPs for short; finite-state processes in which
the transition graph is acyclic) {S;} such that:

(1) For any formula ¢ satisfied by S, there is an ¢ such that S; satisfies ¢,
(2) S; is simulated by S, for all i.

In fact, the approximants form a chain in the simulation ordering and the
least upper bound of this chain is §. Furthermore, the sequence S; forms
a Cauchy sequence in the metric of the previous chapter. The limit of this
sequence is also §. Thus, there are two senses in which the approximations
converge to S. We will tell the simulation story in the next chapter when
we give a domain-theoretic account of approximation.

9.1.1 Finite-state approximation: first attempt

There are two parameters to the approximation: one is a natural number
n, and the other is a positive rational e. The number n gives the number
of successive transitions possible from the start state. The number ¢ mea-
sures the accuracy with which the probabilities approximate the transition
probabilities of the original process. In order to obtain a countable family,
we will require that € be a rational number, but, of course, in reality any
real number can be chosen for e.

Given a labelled Markov process S = (5,4,%,7), an integer n and a
rational number € > 0, we define S(n, €) to be an n-step unfolding approxi-
mation of S. Its state-space is divided into n+ 1 levels which are numbered
0,1,...,n. At each level, say n, the states of the approximant is a partition
of S; these partitions correspond to the equivalence classes corresponding
to an approximation to bisimulation. The initial state of S(n,€) is at level
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n; transitions only occur between a state of a given level to a state of one
lower level. Thus, in particular, states of level 0 have no outgoing transi-
tions. This makes the approximants acyclic. This sometimes leads to silly
situations where a loop is unwound and the finite-state approximation is
too large. We will modify the construction to take care of this later.

In the following we omit the curly brackets around singleton sets.

Definition 9.1 Let (S,4,%,7) be a labelled Markov process, n € N and
€ a positive rational. We denote the finite-state approximation by S(n,¢) =
(P, po, p) where P is a subset of ¥ x {0,...,n}. It is defined as follows, for
n € N and € > 0. S(n,¢) has n + 1 levels. States are defined by induction
on their level. Level 0 has one state (S,0). Now, given the sets from level [,
we define states of level [+ 1 as follows. Suppose that there are m states at
level [, we partition the interval [0, 1] into intervals of size ¢/m. Let (B;) cr
stand for this partition; i.e. for {{0}, (0,¢e/m], (¢/m,2¢/m],...}. States of
level [ + 1 are obtained by the partition of S that is generated by the sets
7a(-, C)7Y(B;), for every set C corresponding to state at level [ and every
label a € {ai,...,an}, ¢ € I. Thus, if a set X is in this partition of S,
(X,141) is a state of level I 4+ 1. Transitions can happen from a state of
level I + 1 to a state of level [, and the transition probability function is
given by

inf 7,(t, B)) if k =1+ 1,
pa((X, k)v(B7l)) = teX
0 otherwise.
The initial state pg of S(n, €) is the unique state (X, n) such that X contains
i, the initial state of S.

If B = UBj, is a (finite and disjoint) union of sets at level I, we will write
(B, 1) for the set {(Bi,1), (Ba,1),...} of all of the corresponding states, and
by extension, we will write pq((X,l+ 1), (B,1)) to mean  ; ; pa((X,l +
1), (Bj,1)). If s € S, we denote by (X,,!1) the unique state at level I such
that s € Xj.

The following lemma is a trivial but useful result. It is a consequence of
the construction of finite approximants and uses crucially the fact that the
partition of [0, 1] takes into account the number of states m at the preceding
level.

Lemma 9.1 Let S be a labelled Markov process, and s € S. In S(n,¢€),
if B is a finite union of sets appearing at level I, then

0 <7a(s,B) — pa((Xs, 1+ 1),(B,1)) <e.
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Proof. Let (X,l+1),(Bj,l),j=1,...,k be states of S(n,¢€). Let m be
the number of states at level [. Then for all s,t € X we have

|7a(s, Bj) — 7a(t, Bj)| < €/m,

because of the way S is partitioned on level [ 4+ 1. Thus we have

k
7a (5, B) = pa((X, 14 1), (B,1))| = [7a(s, B) — Z}g){ 7a(t, Bj))|

j=1

k
S Z |Ta(S, B]) - tlél)f( Tfl(tv B]))|
j=1

k
< Ze/m
j=1

<e.
g
The next theorem says that every state (X,1) in S(n,€) is simulated in S
by every state s € X.

Theorem 9.1  FEvery labelled Markov process S simulates all its approx-
imations of the form S(n,e€). More precisely, every state (X,1) of S(n,e€)
(1 < n)is simulated in S by every s € X.

Proof. Let S(n,€) = (P,po,p) and U = (U, ug, 2, v) be the direct sum of
S(n,e) and S. Now let R be the reflexive relation on U relating a state (X, 1)
from S(n, €) to every state s € X from S. We prove that R is a simulation.
Consider two related states, (X,1) and s € X and let Y € Q be R-closed,
that is, Y NS € ¥ and R(Y N P) CY. The only positive transitions from
(X,1) are to states of the form (B,l — 1) so we can assume that Y N P is
a union B of states of level [ — 1. Now observe that R((B,l —1))NS =B
and by the preceding lemma we have:

vo (X, 1), (B,l —1)UB) = p.((X,1),(B,l —1)
< 7a(s, B)
= Va(sa (Bal - 1) UB))
and hence the result follows. O

The next theorem links the approximation with the logic. The proof is
omitted; in the next section we prove a theorem that subsumes this one.
It shows that the approximation process eventually captures every formula
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satisfied by the system being approximated. This also shows that the for-
mulas capture “finite pieces of information” about the system.

Theorem 9.2 If a state s € S satisfies a formula ¢ € Ly, then there is
some approximation S(n,€) such that (Xs,n) | ¢.

We now show that one can reconstruct the original process — more pre-
cisely, a bisimulation equivalent of the original process — from the approx-
imants S(n, €). We do not reconstruct the original state space but instead
the bisimulation equivalence classes of it. That is why we state in the
theorem that one has to start with a bisimulation-collapsed version of the
system.

Theorem 9.3  Let (S,4,%,7) be a labelled Markov process that is maxi-
mally collapsed, that is, S = S/~. If we are given all finite-state approxi-
mations S(n,€), we can recover (5,4, %, T).

Proof. We can recover the state space as a set trivially by taking the
union of states at any level of any approximation. We know, from the fact
that S is maximally collapsed, that X is generated by the sets of the form
[¢]. This is a consequence of the quotient Lemma 7.16 appearing in the
proof of the logical characterisation of bisimulation. Moreover, in the proof
of Theorem 9.2 above, we proved that for every S and every formula ¢,
there exist states, in some approximation S(n,1/2"), such that the union
of the sets X, representing these states is exactly the set of states in S that
satisfy ¢; i.e. Up>1 Xy = [¢] . These two facts imply that

B:={B:(B,l) € 8(,1/2") for I,n € N}

generates ¥ (obviously, B C X).

The main difficulty is that we have to recover the transition probability
function. To do so, let F(B) be the set containing finite unions of sets in 5.
We first argue that F(B) forms a field, then we define v,(s, ) on it and we
show that v,(s,-) and 74(s, -) agree on it for all s € S. This will imply that
Va($, ) is finitely additive on F(B) and hence can be extended uniquely to
a measure on Y, and hence v, and 7, agree on S x X, as desired.

We now show that F(B) forms a field. It is obviously closed under finite
unions. To see that it is also closed under intersection and complementa-
tion, note that if (C,n) € S(n,¢), then for all m > n and all § such that
€ is an integer multiple of §, C' is a union of a family of sets C; such that
(Ci,m) € S(m,d). This is clear from the fact that the construction pro-
ceeds by splitting existing blocks. From this observation it is clear that we
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have closure under intersections because given two sets we can move to a
stage of the approximation process that refines both of them. At this stage
the intersection of the two sets that we started out with is clearly a union
of the sets at the present stage.

Now let C € F(B), s € S, a € A and let

Va(S;C) ‘= sup Z pa((XSan)v(an_l))'

n,e pec
(B,nfl)ES(n,e)

We prove that v,(s,-) and 7,(s, -) agree on F(B) for all s € S. Obviously,
v(5,C) < 14(s,C) for C € F(B). The reverse inequality follows from
Lemma 9.1:

sup Z pa((XS,n),(B,n—l)) :Suppa((Xs’n)v(UB’n_l))

n,e Bec n,e
(B,n—1)eS(n,e)
> sup(7a(s,UB) —¢)

> sup (7a(s,C) —¢)

(n,e)el

- Ta(sa C)a

where I is the set of pairs (n,¢) such that in S(n,¢€), level n contains a
partition of C' (note that there are arbitrary small €’s that are involved in
I). This concludes the proof that v and 7 agree and we are done. O

We conclude the discussion of the basic approximation scheme by show-
ing that — in the metrics introduced in the last chapter, with ¢ < 1 — the
approximants converge to the labelled Markov process being approximated.

In order to prove convergence of the approximants we start with the
following lemma. Many of the lemmas are routine and their proofs are
omitted, a complete version of all the proofs can be found in Desharnais’s
thesis [Des99].

Lemma 9.2 If S involves a finite number of labels, S(n, c"/n) converges
to S in the metric d. with ¢ < 1.

The condition ¢ < 1 is important in the calculation.

Lemma 9.3  Given any process of the form S(n,€) we can construct a se-
quence of rational trees T ; such that T ; is strictly simulated by T ;11 and all
of them are strictly simulated by S(n, €) and with lim;_, o, d(7T ;, S(n,€)) = 0.
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Proof.  Given a finite acyclic process like S(n, €) we can construct a finite
depth tree, say 7, that is bisimilar to it by duplicating states as necessary.
The transition probabilities of this tree will not necessarily be rational num-
bers. We can construct the required family of trees by making all the 7;
have the same shape as 7 but by choosing the transition probabilities in
the 7; to be rational numbers converging to the corresponding transition
probabilities of 7. Since these probabilities are all strictly increasing we
get the desired strict simulation. The convergence is immediate from the
definition of the metric. O

The theorem below actually says a little more, the rational trees are dense
with the metric topology.

Theorem 9.4 For all ¢ € (0,1], the metric d° yields a separable metric
space.

Proof.  We show that the rational trees form a countable dense subset.
Given any process S we have a countable family of finite approximations
given by S(n,27™). For each of these finite approximations we have a
countable sequence of rational trees, 7 é-") that converge to it by the previous
lemma. This doubly indexed family of rational trees forms a directed set so
we can extract a countable sequence of rational trees that converge to SOJ

Thus we have a situation analogous to the rationals where there is a count-
able family that serves to approximate all the processes as limits of Cauchy
sequences. What we do not know is whether the metric space is complete; in
other words we do not know whether we have a Polish space. The following
corollary makes precise the claim made above about convergence.

Corollary 9.1 If S involves a finite number of labels, Sn7cn/n converges
to S in the metric d° with ¢ < 1.

9.2 Dealing With Loops

The above unfolding construction is very simple but sometimes it does very
silly things. Consider a one-state system with a probability 1 transition
from the state back to itself with a single label a. The above construction
will take this nice finite-state system and “unwind” it to produce a sequence
of increasingly long chains. These will indeed be finite-state approximations
of the original system but the original system was already a very simple
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finite-state system. We need to fix the above construction to deal with
loops.

The state-space is constructed in the same manner but there will be
“more” transitions possible, that is, transitions that produce cycles. There
are two parameters to the approximation: one is a natural number n, and
the other is a positive rational e. The number €, as before, measures the
accuracy of the approximation. Since the state-space is constructed in the
same way as above, all the results that we had about the state-space of the
previous construction can be used here. The difference between the two
constructions lies in the transitions.

Given a labelled Markov process & = (S,%,h), a natural number n
and a rational number € > 0, we define §*(n,€) as an n-step unfolding
approximation of S. Its state space is divided into n + 1 levels which are
numbered 0, 1,...,n. At each level, say n, the states of the approximant are
the blocks in a partition of S. The initial state of $*(n, €) is at level n and
transitions only occur between a state of one level to a state of one lower
level or between states of the same level. Thus, in particular, the unique
state of level 0 either has no outgoing transitions or has a transition to
itself. The main difference with what we did before is that we now permit
transitions to states at the same level. Thus, in particular, the transition
graph could be cyclic and no longer has a well defined depth. The parameter
“n” refers to the extent to which we probe the process by our observations.

Definition 9.2 Let (S, 4,3, h) be a labelled Markov process, n € N and ¢
a positive rational. We denote the finite-state approximation by §*(n,¢) =
(Pvp()a va p) where

e P isasubset of ¥ x {0,...,n}; the numbers from 0 to n correspond to
the level of the states. States are defined by induction on their level.
— At level 0 there is one state (.5,0).
— Now, given the states (C1,1),(Ca,1),...,(Cn,l) at level I, we define
states of level [ + 1 as follows. Let (B;);e; be the partition

{{0},(0,¢/m], (¢/m,2¢/m], ...}

of the interval [0, 1] into intervals of size e¢/m. States of level [ + 1 are
obtained by forming the coarsest common refinement of the partition
{C;}™, and the partition generated by the sets hq(-,C;) "1 (B;), for
every set C; and every label a € {a1,...,a,}, j € I. If aset X is in
this partition of S, (X, + 1) is a state of level { 4 1.
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e The initial state py of S*(n,€) is the unique state (X,n) such that X
contains 7, the initial state of S.

e Transitions can happen between states of the same level, or from a state
to a state of the preceding level, and the transition probability function
is given as follows. Let (X,14+1),(Y,l+1),(Z,1) be states of level [+ 1
and [, where [ > 0. Then

Pa((X,14+ 1), (Y, 14 1)) = inf ho(a,Y)
xTE

k

pal(X,14+1),(Z,0)) = inf ha(w,2) = 3" pal(X,1+ 1), (Z,1+ 1))
=1

where {Z;}%_, is the unique partition of Z such that (Z;,l + 1) is a
state for every i. Unspecified transitions are given the value 0.

The partition of S at level [+ 1 is defined in such a way that every state
x € X (where X is a member of the partition) has probability within e/m
to every set in the partition of level  (not necessarily true for transitions
to states of level [ 4+ 1). Intuitively, transitions are filled as follows: from
a given state (Xl + 1), transitions to states at the same level are given
the maximum probability possible (staying below all simulating states x €
X). This would not be sufficient to guarantee that the transition be close
to the corresponding transition of S because the partition of level [ 4 1
is constructed with respect to states of level [. Since this condition is
essential to preserve the accuracy of the approximation — and the statement
of the lemma below reflects this — we complete the probability by adding
transitions to states (Z,1).

Notation

If s € S, we denote by (X,,1) the unique state at level [ such that s € X.
We will write (Y,!) for the set {(Y1,1),(Y2,0),...}, where Y = UYj}; in
this case, we often say that Y is a wunion of sets at level | and that
the Y;’s correspond to states of level . By extension, we will write
pa((X, 1+ 1),(Y,1)) to mean 3, pa((X, 1+ 1), (Y},1)). The same notation
will be used when we work with states of consecutive levels corresponding
to the same subset of S: for example, we will write (Y, Ul + 1) to mean
{(Y1,D), (Yo,0), -+, (Y{,1+1),(Y5,1+1),--- }, with UY; = UY; =Y. Note
that every set of level [ — 1 is a union of sets of level [ because the partition
of S at level [ is a refinement of the partition at level [ — 1.
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The following lemma is the analogue of Lemma 9.1.

Lemma 9.4 Let S be a labelled Markov process, and s € S. In 8*(n,¢),
if Y is a union of sets appearing at level I, then 0 < hq(s,Y) — pa((Xs, 1+
1),(Y,IUl+1)) <e

Proof. The first inequality is trivial. Before proving the second one, note
that the lemma is not necessarily true if Y is a union of sets appearing at
the same level as (X, + 1).

Let s € S and (Xs, 0+ 1), (Yi, 1+ 1), (Y], 1), i=1,... .k, j=1,...,k" be
states of S*(n, €) such that Y = UF_|Y; = U;?,:le’. Let m be the number
of states at level [. Then for all j =1,...,k" and t € X we have

|ha(57}/}/) - ha(ta }/j/)| < €/ma
because of the way S is partitioned on level [ + 1. Moreover, we have

pa((Xs, 1+ 1), (Y, IUl+1))
= pa((Xs, 1+ 1), (Y,1)) + pa (X, 1+ 1), (Y1 + 1))
k' k
=3 pa((Xa s L+ 1), (Y], 1) + 3 pal(Xe 1+ 1), (Vi 1+ 1))

j:l i=1
k/
— 3 /
J:

and hence

|ha(SaY) - pa((Xs,l+ 1); (Y,ZU I+ 1))|
B!

k/
=12 ha(5,Y]) =37 inf ha(s,Yy)]
j=1 °

Jj=1

k‘/
< 3 ha(s,5) = i (s, ;)
<

Y
< Z e/m
j=1
<e
- ]
Since every transition probability of §*(n,€) is smaller than in the cor-
responding transition in S, then every state (X,1) in S*(n, €) is simulated
by every state s € X in S.
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Theorem 9.5 Fvery labelled Markov process S simulates all its approxi-
mations of the form S8*(n,€). More precisely, every state (X,1) of S*(n,€)
(1 < n) is simulated in S by every s € X.

This is the analogue of Theorem 9.1. The proof is omitted; it is conceptually
the same as above but the bookkeeping makes it harder to read.

The next theorem is the analogue of Theorem 9.2. The proof is exactly
the same as for the previous version of the construction except for the very
last sequence of inequalities, which is adapted to the fact that transitions
can happen between states of the same level. Notice that here we use a
semantics for £y with strict inequality in the modal formula.

Theorem 9.6 If a state s € S satisfies a formula ¢ € Ly, then there is
some approximation S*(n,€) such that (Xs,n) = ¢.

Proof. The proof is by induction on the structure of formulas. We prove
the following stronger induction hypothesis. We prove that for all formulas
¢ there is an increasing sequence (X, )n>depth(e) Of sets in 3 which satisfy:

(1) Un>depth(s)Xn = [0] g3
(i) X, = Usex, Cs, where (Cs,1) € §*(n,1/2"™) and I > depth(p);
(iii) the states (Cj,1) satisfy ¢ in S*(n,1/2m).

It is obvious for T with X,, = S for all n.

Consider ¢ = ¢1 A ¢o. Assume the claim is true for ¢;, j = 1,2. Let
(X7)n>deptn(s;) be the sequence for ¢;. Now define for n > depth(¢), the
sequence

X, =X!nXx2

Note that this is an increasing sequence of sets in 3. We first prove (i):
for all s = ¢, there is some n such that s € X,,. Choose n = max(ni,nz)
where n; is such that s € XJ Now for (ii) and (iii), let s € X,,, for a fixed
n > depth(¢). Then because all states (Cs, 1) satisfy ¢; and Cs C X7, we
have (Cs,1) = ¢1 A ¢2 and X,, = Usex,, Cs. The proof for the case ¢1 V ¢
is similar.

Consider ¢/ = (a),¢, and assume the claim is true for ¢. Let d =
depth((a),®), €, = 1/2" and let (Xy)n>4—1 be the sequence for ¢.

Now define for n > d, the sequence

Y, =U{C : (C,d) € S*(n,e,), and Vs € C, ho(s,X,) > ¢+ €, }-

This is an increasing sequence of sets in ¥ because if (C, d) € 8" (n,en)
and C C Y, then for all s € C we have hy(s, Xpn+1) > ha(s, Xn) >
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q + €. Moreover, if (C',d) is a state of S*(n,€n41) and s,t € C’, then
ha(ty Xn+1) > ha(8, Xnt1) —€nt1 > ¢+ €n — €nt1 = ¢+ €nt1.

We now prove (i), that is, for all s |= ¢, there is some n such that s € Y,.
So assume hq(s, [¢]) > g. Then there is some n such that he(s, X,,) — ¢ >
2¢,, because h,(s,-) is a measure and X, is an increasing sequence which
converges to [¢] and €, (= 1/2") is decreasing to 0. Now since X, is a
union of states of level [ — 1 > d — 1, then for every t € Cs, with (Cy,1) a
state of §*(n, €,,) we have

|h0«(s’ Xn) - ha(ta Xn)| < €p

and hence hqy(t, X,) — ¢ > €,. Thus Cs C Y,, and (i) and (ii) are proved.
Note that the inequality sign in the meaning of the modal formula was
crucial to this part of the proof.

We now prove (iii). Let s € Y,, for a fixed n > d. Then because
all states (X,l — 1), where X C X,, and Il — 1 > d — 1, satisfy ¢ and by
Lemma 9.1, we have

Pa((CarD), (81§ 0ry LU L= 1) 2 pal(Ci. 1), (X, 1UT— 1))
2 ha(sa Xn) — €n

>q+te,—€n=q.

From this it follows that (Cs,1) | ¢ for all I > d; this is what we needed
to establish (iii). O

The following results shows that a finite process is eventually approximated
by itself. This is the main reason why we have introduced this new con-
struction.

Corollary 9.2  For every finite process there exists a bisimilar approzi-
mation.

Proof. Since the process S is finite, the partition at the highest level of
S§*(n,1/2™) must stabilise when n increases. In fact, it must converge to the
bisimulation equivalence classes. Indeed, if two states are not bisimilar they
must be distinguished by a formula ¢. Then by the (proof of the) previous
theorem there is some n such that the two states are not in the same set
of 8*(n,1/2™). Thus the partition at the highest level corresponds exactly
to the bisimulation equivalence classes. By construction of approximants,
transitions from states of this level will only happen to states of this same
level and hence the result. g
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Corollary 9.3 Let S be an LMP. Then for ¢ < 1 we have
d°(8,8%(n,1/2™)) — 0

and it is also true for ¢ = 1 if the set of infinite sequences of non-bisimilar
states starting in the initial state of S is of measure 0.

9.3 Adapting the Approximation to Formulas

In the last section we showed that any logical formula of interest could
be checked on a suitable finite approximation. How far does one have to
approximate in order to be sure that the formula of interest has been cap-
tured? In other words, suppose that we are interested in knowing if a certain
LMP S satisfies a formula ¢. If at a certain stage of the approximation
we find that ¢ does not hold, what can we conclude? Does it mean that S
does not satisfy ¢? How do we know whether or not a later approximation
will show that S does satisfy ¢?

If the logic is simple enough — like the logic £ — then one can estimate
how far one has to push n to ensure that a formula like ¢ holds in §. This
is because the nesting depth of the modal operator counts how many steps
of § are being probed and thus one can relate this to the approximation
parameter n.

What if the logic is more complicated? Danos and Deshar-
nais [DD03b; DD03a; DDP04] show how to “orient” the approximation
process so that given a suitable family of formulas F, in a logic with fixed-
point operators' — hence with all the usual temporal connectives — one can
construct an approximation such that a formula of F is satisfied by S if
and only if it is satisfied by the approximant.

This is very nice indeed, but there is one small problem. The result-
ing approximations are not probabilistic automata at all. The transition
“probabilities” are not additive, i.e. they are not probabilities. They are
not, however, completely arbitrary. They are super additive; this means
that the “probability” of the union of two disjoint sets is less than or equal
to the sums of the individual probabilities. These are not measures at all,
but are closely related to mathematical objects called capacities [Cho53]
and obey quite a number of nice mathematical properties.

IThe formulas in this logic are presented as automata; it is well-known that modal
logics and automata are practically the same thing.
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Why does this happen? It is essentially because the approximation pro-
cess that we use takes infima of the real probabilities to estimate the approx-
imate probabilities. This guarantees that the approximation is simulated
by the original system. However, it may lead to a serious underestimation
of the transition probabilities.



Chapter 10

Approximating the Approximation

The approximation schemes described in the last chapter have nice math-
ematical properties, but can we really use them in practice? A number of
problems arise when one attempts the approximation construction. The
most vexing is that the number of states rises very rapidly. The second
problem is that many of the states, which are subsets of the original con-
tinuous state space, become very small. The third problem is that these
subsets may be very “nasty”; they are only required to be measurable. In
this section we describe work reported in [BCFPP05] where Monte Carlo
techniques were used to alleviate some of these problems. There are still,
however, many obstacles to using these techniques in practice and it is the
subject of active investigation.

The first question one must face before doing computation in a con-
tinuous state space is the representation problem: how does one express
transition probability kernels assuming an uncountable range of values? In
many cases we have a “canonical” probability measure p on (S,¥). This
is, for example, Lebesgue measure on a subset of R" or, if the state space
is a manifold, the induced geometric measure. In this case one can use:

Definition 10.1 A family of sub-probability density functions f, : S
— [0,00), s € S,a € A, which is simply a family of (9 ® 9t)-measurable
functions such that

/ fa(s0,)dp <1Vsg € S,a € A.
s
Then, the kernels are given by:

Ta(S0, M) 1= fa(s0,-)du VM € M,a € A, 59 € S.
M

147
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It is not hard to show that 7, is then a labelled probability kernel (the fact
that 7,(s,-) is a measure follows using the monotone convergence theorem,
the measurability of 7,(-, M), using Fubini’s theorem). We will denote this
construction by dr.(s,-) = fa(s,-)dp. Recall that this representation is
possible iff 7, < p (by the Lebesgue-Radon-Nikodym theorem).

Example 10.1 We now show a toy example of this construction that
will be used later to test our algorithms. Consider a pair of 2-dimensional
aquaria, arranged side by side horizontally. The first aquarium has hori-
zontal coordinates [0, 3] and the second, (3,1]. We are interested in the
evolution of the horizontal position of a stochastic fish that starts its life in
the first aquarium and has a choice of two actions:

e swim will change the position of the fish in its aquarium. The new
position is drawn uniformly from the interval [0, 3].

e jump corresponds to an attempt to jump into the second aquarium. If
the fish is at distance d from Aquarium 2, it will fail and fall in the
original aquarium with probability 2d (the next position will then be
drawn uniformly from the interval [3 — d, 1]). If the fish succeeds, its
new position is drawn uniformly from the interval (%, 1]. Unfortunately,
the fish does not know that the second aquarium is filled with a liquid
fatal for its metabolism. The death of the fish is modelled by disabling
both actions in the second aquarium.

Schematically:

e

a[l]

where the label a[p] on an edge (s;,s;) denotes that the probability to
transition from s; to s; is p, given that action a is selected.

Note that the probability distribution induced by selecting action b is
different for each state in [0, 5] from which the action is taken. This is
denoted by b[x]. Hence, this LMP cannot be lumped into a finite state
system.

Let p = the Lebesgue measure on [0,1]. We obtain easily that the

kernels corresponding to the actions described above can be expressed using
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the following probability density functions:

_ J1lifze0,3] and y € [0, 5]
Jowim(@,y) = {O otherwise
2if 2 € [0,4] and y € [z, 3]
framp(@,y) == 4z ifz € [0,1] and y € (3, 1]

0 otherwise

Example 10.2 Let us consider now a more realistic situation. Consider
the on board flight control system of a Cosmos-3MU launcher, a 2-stage,
UDMH-fuelled dispensable rocket often used to send small payloads into
Earth orbit [Web].

A hypothetical problem for which the approximation scheme would be
useful is the verification and/or evaluation of the effectiveness of flight guid-
ance software for the Cosmos-3MU (In November 2000, and twice in Jan-
uary 2005, the second stage of the launcher failed to form the final orbit
because of undiagnosed problems in this system. At least two commissions
tried unsuccessfully to isolate the source of this “bug”). Suppose that the
main controller must keep the launcher within distance 7.« of the ideal
trajectory by applying lateral speed corrections. The controller is composed
of a sampling loop, the cyclic executive, that applies a thrust towards the
ideal trajectory if needed. This loop structure motivates the discrete-time
model of the problem. The state space is the cartesian product of the veloc-
ity space with the distance-to-trajectory space, R? (with r = —r,v = —v).
The actions are:

e actuate, which applies a velocity correction towards the ideal trajec-
tory. Due to the limited precision of these corrections, the result of this
action from state (rg, vg) is modelled by a bivariate normal distribution
centered at (xo 4 0(vo — Gimpulse); Vo — Gimpulse) With a strong, positive
correlation such that the major axis of the elliptic isopleths of the den-
sity (that is, the locus of the points in the plane where factuate(2,v) = €)
has a slope of 1/46. The variance parameters can be set using the large
amount of flight data available for this type of rocket (more than 400).

e stay, which corresponds to the absence of velocity correction. It is
modelled by a normal distribution fgay, similar to factuate, €xcept that
the centre is at (;r,o + 6 - v, vo).

If, at any point in the second stage of the propulsion sequence, the con-
troller fails to maintain the trajectory within distance 7.y of the trajec-
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tory, a backup system takes control of the guidance. This is represented
by disabling all actions. If, on the other hand, the controller successfully
maintains the trajectory for 27 minutes, the orbit is reached and a special
action, success, is enabled which results in a transition to a special success
state, Ssuccess-

Given that the set M, over which the density functions are to be inte-
grated, can be an arbitrary measurable set, the next difficulty is to compute
these integrals algorithmically. Numerical integration cannot be applied
here because M could be “too nasty” geometrically to allow a nice parti-
tioning. The solution comes from probability theory:

Lemma 10.1 Let (2, F, P), (S,9, \) be probability spaces. Assume that
we can sample the random variables X1, Xo,..., X; : @ — S identically
and independently according to the distribution A\. Then, if f: S — R is
integrable and M € 9 we have:

n

%Z(XM floX; — | fdX(a.s.).

i=1 M
This standard result is the basis of Monte Carlo integration. Its proof
is fairly simple:
Proof. We have the following picture:
foXi : (Qafvp) - (Sama/\) - (RaBR)

Using the fact that X7, Xo,... are independent and that f is measurable,
we obtain easily, using Fubini’s theorem, that f o Xy, f o Xo,... are inde-
pendent. They are also clearly identically distributed and L', so we can
apply Khinchine’s Strong Law of Large Numbers to obtain:

= [ fd.
M O

The other operations on measurable sets and functions that we encountered
in the basic approximation construction are:
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(1) given a measurable set M and a measurable function f, compute the
infimum of the value attained by f

(2) given two measurable sets M, My, determine whether their intersection
is non-empty (is-0) : Sets — {0,1}, is-0(A) = 1 iff A = 0)

(3) given a measurable function f, compute the inverse image of an interval.

In the paper [BCFPPO05] it is explained how point (3) can be avoided; some
implementation details are discussed as well. The basic idea is that, since
we use Monte Carlo integration for the representation of the kernels, the
only operation we need to impose on measurable sets is to test membership
of a given point (in particular, there is no need for an operation that would
express a measurable set as the union of intervals plus a null set, as it would
be the case if we were using numerical integration, for instance). The two
other points, however, have to be handled. Note that both arbitrary infima
and is-@) queries cannot be computed algorithmically in general, so we look
for “measure-theoretic” equivalents that are computable (in a randomised
computation model). For the case of infs, we use the following concept:

Definition 10.2 Let (X, ®,u) be a measure space. We define the es-
sential infimum over M € & of a bounded measurable function f : (X, ®)
— (R, Br) to be:

essi?/[ff = sup {a eR: u({x eM: f(z) < a}) = O}.

Now suppose that S := (5,9, 7) is a LMP such that 7, < p for all kernels
Te in 7 (in which case we will write “7 < p©”), where p is a measure on S
from which we can sample points. In this situation, essential infima have
the advantage of being computable:

Lemma 10.2 Let (Q,F,P) be a probability space and assume that we
can sample the random variables X1, Xa,..., X; : Q — M, identically and
independently according to the distribution p, where M € 9 and p(M) > 0.
Then if f: S — R is bounded and measurable we have:

min {f 0X;:1<:< n} — ess i]r\14f f (in P-probability).

Proof. First note that essinfy; f < oo if and only if (M) > 0. Let € > 0
be given. By definition of supremum, we have that

po = u({s e M: f(s) —essi]r\l/[ff < e})
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must be positive. Then for any ¢ € N,
P({w €N:|foX;(w)— e83111\1/[ff| > e})
= u({s eM:|f(s)— ess%fﬂ > 6})

:u({seM:f(s)—essi?Jff>e})
=1-py <1

Hence, by the independence of the X;s, the probability of the intersection
of these events as i € {1,2,...,n} can be made arbitrarily small by by
picking n large enough to ensure that we have enough samples of the X;d]

Similarly, we do not attempt to decide whether sets are empty, rather we
restrict ourselves to deciding whether they have measure 0. This is done
using the obvious Monte Carlo algorithm which returns true iff all the points
sampled from the canonical measure p do not belong to N. This clearly
decides with high probability whether N has u-measure 0 or not. We shall
call this algorithm is-null.

The final theorem states that infs and is-{)s can be replaced by essinfs
and is-nulls in the approximation algorithm without altering the important
properties possessed by the resulting approximations. We omit the proofs
here.

Theorem 10.3 Let S = (S,M,7) be a« LMP, 7 := {7, : S x M —
[0,1],a € A}, and (S,9M, 1) be a probability measure from which we can
sample points and such that T < . Assume also that the start state of S
is p-randomly selected (A property that is modelled in the following way:
we add a state sg to S, which will be the starting state. The transition from
so to S is p for all a € A, and the transitions from s’ € S to sq are all set
to 0).

Then for all e € Q,e > 0, n € N, the Monte Carlo rational approxima-
tion QE,n — d.e. the basic approrimation construction with infs replaced by
essinfs and is-0 replaced by is-null — is computable and has the following
properties:

(1) every state (X,1) of Qc.n is simulated in S by every s € X,

(2) if a state s € S satisfies a formula ¢ € Lo, then there is some approxi-
mation Qeyny such that (X, n) = 6,

(3) given c € (0,1), let Qp be Qe with € = ¢*/n. Then Q, converges to
S with respect to the metric d°.



Chapter 11

A Domain of Labelled Markov
Processes

The approximation concepts that we have described in the last few chap-
ters use ideas from probability and are based on combinatorial or measure-
theoretic arguments. There is, however, a very pleasing domain-theoretic
version of the approximation theory. In fact the logical view of domains ad-
vocated by Abramsky [Abr91b] yields not only the logical characterisation
of bisimulation but also the logical characterisation of simulation.

Furthermore, in a suitable category of domains one can construct a
universal LMP by solving an appropriate domain equation. The solution
of this recursive domain equation yields a dcpo that closely resembles the
domain of synchronisation trees constructed by Abramsky [Abr9lal. The
order in the domain corresponds to simulation, the way-below relation cor-
responds to strict simulation and equality corresponds to bisimulation. Us-
ing the “domain logic” it it possible to show that simulation in the domain
is characterised by Ly .

11.1 Background on Domain Theory

There are many good references for domain theory but most of them appear
in textbooks devoted to programming language theory where the empha-
sis is on algebraic domains. A good source for domain theory is Prof.
Plotkin’s unpublished lecture notes — the so-called Pisa Notes — available
from his website. The domains that arise in the present context are contin-
uous domains. We review some of the basic definitions. A good treatment
of continuous domains appears in Continuous Lattices and Domains by
Gierz et al. [GKK™03] which is a revised and updated version of the fa-
mous Compendium of Continuous Lattices [GKKT80]. The probabilistic
analogue of the powerdomain construction that we use here is due to Jones
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and Plotkin [JP89] and a very nice expository account of this material
appears in Claire Jones’s thesis [Jon90].

11.1.1 Basic definitions and results

Domains are meant to model data types containing partially defined ele-
ments. They are partially ordered sets (posets) in which the order relation
represents information content qualitatively. In other words if x < y we
should think that y has all the information that = has, and possibly more.
A least element — also called a bottom element — is meant to represent the
completely uninformative value.

Definition 11.1 A directed set X in a poset S is a subset of S with
the property that for any two elements x,y of X there is an element z € X
that is larger than each of  and y.

Directed sets represent a collection of consistent pieces of information. It
seems reasonable that we should be able to aggregate consistent informa-
tion.

Definition 11.2 A partial order is a dcpo, if it is closed under limits of
directed sets.

We will only consider dcpos with a bottom element. These are the basic
ingredients of domain theory.

Definition 11.3 b < z (“b is way-below 2”) if for all directed sets X
such that z C | | X, (3z; € X) bC ;.

The intuition here is that x contains an “essential” piece of information
about y.

Definition 11.4 A dcpo D is continuous, if for all d € D, the set
{b | b < d} is directed and has lub d. It is w-continuous, if there is a
countable subset B such that for all d € D, the set {b € B | b < d} is
directed and has lub d. Such a set B is called a basis.

Definition 11.5 b} < {z | bz} (b7 4 {z | bC z}.
Our analysis will rest on the topological properties of continuous dcpos.

Definition 11.6 The Scott topology on a dcpo D, written op, consists
of all sets U satisfying (U)] = U and for all directed sets X C D, sup X € U
implies X NU # . In any w-continuous depo, {bff | b € basis for D} is a
base for the Scott topology.
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The Scott topology does not have the strong separation properties that one
may be used to in geometry and analysis. Given a pair of points x and y
there will be an open set containing one but not the other. There is no
guarantee that there is an open set that plays the reverse role and certainly
not that points can be separated by disjoint open sets.

11.1.2 Valuations and the probabilistic powerdomain

Valuations play the role of measures, giving quantitative content to open
sets but the axioms have to take into account the fact that complements
of open sets are not necessarily open so there have to be substitutes for
notions like g-additivity.

The Scott topology allows us to define valuations as continuous func-
tions, on the lattice op, that satisfy modularity.

Definition 11.7 A valuation v on a dcpo D is a monotone and continuous
function from (op, C) to [0,1] that satisfies:

VU,V eop WUUV)=v{U)+v(V)—-vUNV)]
The following special valuation plays an important role.

Definition 11.8 For any = € D, the point valuation 7, is 1 for all
Scott-opens that contain x, and 0 for all others.

This is analogous to the Dirac distribution.

Definition 11.9 The probabilistic powerdomain of D, written
Ppr(D), is the set of all valuations on D ordered by v C pu < (YU €
op) [v(U) < u(U)].

If D is w-continuous, so is Pp, (D) with a countable basis given by valuations
of the form:

1 an1+---+7'n><77zn

where r; are rationals.

There is a unique extension of valuations to measures on the Borel
sets associated with the Scott topology. For w-continuous dcpos, see
[SD80; Jon90; AMESDY98; Law82] for the extension theorems.
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11.1.3 The Lawson topology

The Scott topology meshes closely with the order structure. However, it
has weak separation properties and does not capture by itself all properties
of interest. In particular, Scott-compactness, does not always turn out to
be useful.

The closely related Lawson topology is often needed; roughly speaking
the Lawson topology gives “negative” information.

Definition 11.10 The Lawson topology on a dcpo D, written A(D),
is generated by the base U \ (F')T, where U is Scott open, and F is a finite
subset of D. In any w-continuous dcpo, a countable base for the Lawson
topology is given by {bff \ ({b1,...,b,})T | b,b; € a basis for D}.

As an example of the Lawson topology consider the domain of streams over
a finite alphabet with the prefix ordering. This is an w-algebraic dcpo. The
Lawson topology in this case coincides with the topology induced by the
following metric. Given two streams s and ¢ we look for the first position,
say the nth, where s and ¢ differ. We then define d(s,t) := 27". Now
the sequence of streams 0"1°° will converge in this metric — hence, in the
Lawson topology, to 0°°. In the Scott topology the sequence of streams
0™1°° is not convergent.

For w-continuous dcpos D, the sets (b)] are G in op. Thus, in this case,
the Borel algebra generated by A(D) is the same as that generated by op.
The Lawson topology on w-continuous dcpos is separable and metrisable;
the Scott topology is Ty and usually not even Tj. In the case that the
Lawson topology is also compact, we get a Polish space for w-continuous
dcpos.

We now explore some consequences of Lawson-compactness. First, the
following result (and proof) from [Jun88| relates Scott-compactness and
Lawson-closedness.

Lemma 11.1 In a w-continuous dcpo, every Scott-compact upper set A is
Lawson-closed and is expressible as the countable intersection of Scott-open
sets.

Proof. Consider any Scott-open neighbourhood O 2 A. Each element
x € A is contained in some basic Scott-open of the form bft,b € O. These
sets form a cover for A. By Scott-compactness, there is a finite subcover
of such sets. Thus, for each O D A, there is a finite collection of b; such
that A C U bt € O. However, b; € O, so (b;)7 C O, so we also have
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A C UM, (b;)1 € O. For any upper set A, A =nN0,0 O A with O Scott-
open. Hence A = Np U2, bifr, and A = Np U°, (b;)1.
Now (b;)7 is a (basic) Lawson-closed set, hence A is also Lawson-closed.
From w-continuity, there are only countably many collections of the form
0 bir O

If D is Lawson-compact, the ordering relation on valuations can be
characterised in terms of upper sets. More precisely, the ordering relation
between the induced measures on upper sets can be characterised in terms
of the ordering on valuations. In the following lemma we will write v for
a valuation and # for the induced measure on the Borel sets'. Thereafter
we will revert to using the same symbol for the valuation and its induced
measure.

Lemma 11.2 Let D be Lawson-compact. Let vy,vy € Pp.(D).

(1) 11 Cve = (VY upper Borel A).[1(A) < 2(A)]
(2) (¥ Lawson-closed upper A)[v1(A) < a(A)]l = 11 C 1

Proof.

(1) If A is a Scott-compact upper set, then by Lemma 11.1 it is the count-
able intersection of Scott-open sets O;. Let Uy, = NF_,0;. Then
(Uk),eN 1s a nested sequence of Scott-open sets decreasing to A. Thus
v;(A) = inf; U;(U;), for j = 1,2 because v;, j = 1,2 are measures. But,
since the U; are Scott-opens, we have

I/Al(Ul) = 1/1(U¢) < I/Q(Ui) = VAQ(Ui)a

and we get — after taking infs — that v/} (A) < 2(A), for Scott-compact
upper sets A.

For general upper sets A we proceed as follows. Since the domain
is a metrisable space, we know [Par67] that v;(A) = sup{v;(C) |
C' Lawson-closed, C C A} for j = 1,2. Now if C is closed it is Lawson-
compact, since it is a closed subset of a Lawson-compact space. Thus,
it is also Scott-compact (the Scott topology has fewer sets). Thus its
upper set is also Scott-compact. Now we claim that

sup{v;(C) | C Lawson-closed,C' C A} =
sup{7;(C) | C is a Scott-compact upper set, C C A}.

1Recall that the Borel sets are the same for the Scott topology and the Lawson
topology.
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To see this, observe that since every Scott-compact set is Lawson-closed
(Lemma 11.1), the right hand side < the left hand side. Conversely,
for every element in the left hand side, there is a bigger element in the
right hand side, namely its upclosure. Hence the two must be equal.
But since we know the result for all Scott-compact upper sets, we have
our result in the general case.

(2) Let (V Lawson-closed upper C)[t4(C) < 1i(C)]. Since A(D) is metris-
able, we have for all Scott-opens O : v;(0)v;(0O) = sup{r(C) |
C C O, C Lawson-closed},j = 1,2. Since D is Lawson-compact,
every closed C is also Lawson-compact, and hence Scott-compact.
Thus, its upper set is also Scott-compact, and by lemma 11.1
Lawson-closed. ~ Thus, we have: v;(0) = sup{?(C) | C C
O, C upper and Lawson-closed}, j = 1,2. The result now follows from
the assumption on upper Lawson-closed sets. 0
Lawson-compactness is stable under inverse limits [DGJP03].

Lemma 11.3 Lawson-compact, w-continuous dcpos are closed under in-
verse limits.

Proof. Let {(D;, fi,g:)} be an inverse-limit system, i.e.

fi + Diy1 — Dy

gi+1 © Di — Dipa
fiogit1 =1
git10fi E1

Here all the f;, g; are Scott-continuous, monotone functions. However, one
can immediately show that f; must be Lawson-continuous — one only needs
to check that f=((z)1) is Lawson-closed, since f~! respects all set op-
erations. However, this is immediate since f~!((x)7) = (g9(z))T, which is
Lawson-closed.

D, the inverse limit, is the subspace of II; D;, given by sequences of the
form (d;), where Vi.d; € D, fi(di41) = d;. D; embeds in D via e;(x) = (d;)
where d; =2, d; = fjo...ofi(x),if j <iand d; = gjo...0gi41(x) if j > 1.
D has a countable basis given by U;{e;(z;) | ; is a basis element of D;}.

The Lawson topology on the inverse limit is the subspace topology in-
herited from the product topology of all the domains in the diagram. If all
D;s are compact Hausdorff then so is the product, by Tychonoff’s theorem.
Thus, in order to complete the proof we must show that the sequences
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which constitute the elements of the bilimit form a closed subset, which
would imply that the subspace they form is also compact. Equivalently, we
are done if we show that D¢ (the complement of D in II; D;) is open. Note
that, D¢ = Uin', where Xl = (Hj<1'Dj) X {<x,y> | fl(y) 7é JZ} X (Hj>1'+1Dj).
So, we are done if we prove that {{z,y) | fi(y) # x} is open in D; x D;41.
Since the space D; is Hausdorff in the Lawson topology, for every x # f;(y)
we have disjoint open sets Ay, Byy C D; such that x € Ay, fi(y) € Bay.
Thus, the given set is Uzy Ay X fi_l(BgCy), and thus is open, as f; is
Lawson-continuous. O

11.2 The Domain Proc

We fix a (countable) set L of labels and use the Jones-Plotkin probabilistic
powerdomain [JP89; Jon90]. For notational convenience, we write L — D

for the product HD indexed by the set of labels. Processes are given by

L
the recursive domain equation:

Proc = L — Pp.(Proc).
We will write C for the partial order in the domain.

Proposition 11.1  The domain equation
Proc = L — Pp,(Proc)
can be solved in the category of w-continuous, Lawson-compact dcpos.

Proof. By [JT98] the probabilistic powerdomain is closed on Lawson-
compact, w-continuous dcpos. We have already showed closure of w-
continuous, Lawson-compact dcpos under inverse limits. Thus the domain
equation can be solved in this category using standard techniques [SP82].

This domain can be viewed as a single “universal” labelled Markov process.
The next few results show how to define transition probabilities in order
to do this. To start with, we have the transition probabilities to Scott-
open sets given by the definition of the Jones-Plotkin powerdomain. In
Section 11.4 we show how to extend these results to obtain the transition
probabilities to arbitrary measurable sets, i.e. the Borel sets generated by
the Lawson topology.
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Definition 11.11 7,(p,U) 4 p(a)(U) for p € Proc, and U a Scott-open
set in Proc.

Lemma 11.4 7,(.,U) is upper semicontinuous for each Scott-open U.

Proof. We need to show that [7,(.,U)]"!(r,1] is a Scott-open set. In
order to show that it is upper closed we proceed as follows. Let p C ¢, and
Ta(p,U) > r. Now we have 7,(q,U) = q(a)(U) > p(a)(U) > 7.

In order to show the remaining property of Scott-opens we let p = Up;,
and suppose 7,(p,U) > r. Now p(a)(U) = 7,(p,U) > r. The fact that p is
the sup of the p; implies that Ji.p;(a)(U) > r. O

The domain Proc is a w-continuous domain with a basis given by the
following notion of “finite process”.

Definition 11.12 A finite process is generated by the following gram-
mar:
q:=20

| {{ai = {(gi1,ri0)s o (Ginisrin )}y =100k 305y g S 1)
where a; are labels and r; ; are real numbers in [0,1]. A finite process is
rational if all probabilities are rational.

A finite process is interpreted as an element of Proc via the following in-
ductive definition.

Definition 11.13

[o] =1,
[[{{07 - {(qil7r1?1)7 ceey (Qinl’rini)}} | t=1,..., k}]](a) = Z Tiﬂlkn([[qi,7lk]])7 a = a;

k=1...n;
= 1, otherwise

Lemma 11.5 The set of denotations of finite rational processes is a
countable basis for Proc.

Proof. Proc is the limit of the inverse limit system {(D;, f;, g;)} where
Dit1 = L — Pp(D;). Proc has a countable basis induced by the ba-
sis of the D;s. The result now follows from Chapter 5 of [Jon90], which
characterises basis elements of the probabilistic powerdomain. O

Definition 11.14 An equivalence relation R on Proc, is an internal
bisimulation if: sRt implies that for all labels a, and all Scott-open R-
closed C, s(a)(C) = t(a)(C). We say that s is internally bisimilar to ¢ if
there exists a internal bisimulation R such that sRt.
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Internal bisimulation is an equivalence relation and is the maximum
fixed point of the following monotone function F’ on the lattice of equiva-
lence relations on Proc x Proc, where the ordering is inclusion :

s F(R) t if for all labels a, and all Scott-open R-closed C, s(a)(C) = t(a)(C)

Definition 11.15 A preorder R on Proc is an internal simulation
if sRt implies that for all labels a, and all Scott-open R-closed sets C,
s(a)(C) < t(a)(C).

Internal simulation is a preorder and is the maximum fixed point of the
following monotone function G on the lattice of preorders on Proc x Proc,
where the ordering is inclusion :

s G(R) t if for all labels a, and all Scott-open R-closed C, s(a)(C) < t(a)(C)
The following proposition is immediate from the above definition.

Proposition 11.2 LT of Proc is an internal simulation.

11.3 L. as the Logic of Proc

In this subsection, we show that Ly is complete for internal simulation. In
the context of this subsection, the logic will be interpreted over the domain
Proc.

Definition 11.16

pET

PEGIAG ifplE ¢ and p E é2

PEGIV g ifpld1orpE b

pE(a),¢ if 3U: Scott-open with U C [¢] such that p(a)(U) > r

where [¢] = {p | p = ¢}.

An important property of the logically definable sets is that they are all
Scott-open.

Lemma 11.6 [¢] is a Scott-open subset of Proc.

Proof. Recall that a set A is Scott-open if A is up-closed and if whenever
a directed sup, say LUX, is in A then some member of X is in A. We
proceed by induction on the structure of ¢. Since we have [T] = Proc,

[¢1 A @] = [91] N [$2] and [¢1 V ¢2] = [¢1] U [¢2]; it follows immediately
that the boolean connectives preserve Scott-openness.
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For the case of the modal operator we proceed as follows. We assume
that [¢] is Scott-open and show that [[<a>q¢]] is Scott-open. Let p C p/, then
pla) < p/(a), and hence p(a)([¢]) > ¢ implies p/(a) ([4]) > ¢. So, [{a), ]
is up-closed. Let p = Up;, and p E <a>q¢, then Jp; such that p;(a)[¢] > &

Lemma 11.7 Let p and q be elements of Proc. Then, the following are
equivalent:

1) pEaq,
(2) p is simulated by q,

(3) p = ¢ implies q |= ¢.

Proof. (1) = (2): From Proposition 11.2 C is an internal simulation.
(2) = (3): By structural induction on formulas.

(3) = (1): First assume that p is a finite process. We will proceed by
induction on the height of p. Let p(a) = (p1,71),---, (Pn,7Tn). We use
Lemma 4.8 of [Jon90]. We need to show that for all up-closed (under C)
subsets K of {p1,...,pn}:

Z ri < q(a)(Up,ex{z | pi C x})

pi€EK
First we show that: {z | p; C 2} = n{[¥] | p: E ¢}

e lhs Crhs: p; Cax = (p; Ev =z E).

e rhs C lhs: = € N{[¢] | p; E ¢} implies (p; = ¢ = = |= ) implies
pi C x, by the induction hypothesis on p;.
Next, by distributivity, we see that:

U ﬂ{ﬂ¢ﬂ|pi F )= ﬂ {1 Vb vV thn] | pi € K, pi | 1}
piek (W1, -n)

Thus, it suffices to show that for all upclosed (under C) subsets K of
{p1,-..,pn}:

S re < g(@({Rr Vi V] | pi € Kopi b i)

pi€K

But, for any formula ¢, by considering the formulas of the form: (a),.¢,
we get p(a)([6]) < a(a) ([4]).

Now for general processes we proceed as follows. Let p’ be a finite
process way-below p, i.e. p’ < p. We will show that p’ C ¢ and hence it will
follow (since the finite processes form a basis) that p C ¢. Every formula
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satisfied by p’ is satisfied by p (since (1) implies (3)) and hence by ¢ (by
assumption) and hence by the proof in the preceding paragraph it follows
that p’ C ¢. This concludes the proof that (3) implies (1) in the general
case. U

Corollary 11.1 p is internally bisimilar to q, if and only if p = q if and
only if (V6 € Ly) pl ¢ & q k= .

11.4 Relating Proc and LMP

In the preceding sections we have developed the theory of labelled Markov
processes from two points of view. First we have the probability-theory
view of labelled Markov processes and have developed the notion of fi-
nite approximation; second we have the domain theory view based on the
Jones-Plotkin powerdomain. Here we show how one can go back and forth
between these views: every element of Proc is a labelled Makov process and
conversely, there is an embedding from labelled Markov processes to Proc.
This correspondence yields the desired Polish space structure on labelled
Markov processes and shows that the simple modal logic we have considered
characterises simulation for all labelled Markov processes.

11.4.1 From Proc to labelled Markov processes

The main result of this section is that the decpo Proc can be made into a
“universal” labelled Markov process, in an appropriate sense.

Let p be an element in the probabilistic powerdomain Proc. Consider
the putative labelled Markov process Uy = (|Proc|, p, 7,) where

e we are considering the elements of Proc under the Lawson topology
(vielding a Polish space) [Law97],

e 7, is given by the unique extension of the valuation p(a)(:) to measures
on the Borel sets associated with the Lawson topology.

With the above notation we are able to state the main theorem of this
section; it says that Proc defines a labelled Markov process.

Theorem 11.1  The structure Uy = (|Proc|,p,7,) is a labelled Markov
process.

Proof. We only have to prove that 7,(., F) is a measurable function
for measurable E C |Proc|. We already know this for Scott-open E, by
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Lemma 11.4. We now show that this is true for the o-algebra generated by
the Scott topology — since this is the same as the o-algebra generated by
the Lawson topology, this will complete the proof.

Ta(, E°) = 74(.,, D) — 74(., E), hence if 74(., F) is measurable, so is
Ta(., E°).

Let E; be a countable pairwise disjoint collection of sets. 7,(.,U; E;) =
> Ta(, E;), hence if each 7,(., E;), so is 74(.,U; E;). This shows the result
for all measurable sets F. O

Now we show that internal simulation — which we know coincides with
the domain order from Lemma 11.2 — coincides with simulation on labelled
Markov processes. Since we already know that L, characterises internal
simulation we get that £ gives a logical characterisation of simulation.

Theorem 11.1 The T order on Proc is a simulation between the corre-
sponding labelled Markov processes.

Proof. Now suppose s C t in Proc. Thus for every label a and every
Scott-open set U, s(a)(U) < t(a)(U). Let R be the relation on Uy defined
by sRt if and only if s C ¢ in Proc. We want to show that R is a simulation.
Let X be an R-closed measurable set of Uy. We need to show 7,(s, X) <
Ta(t, X). Since X is R-closed in Uy, it is up-closed in Proc. The result now
follows from lemma 11.2. O

Note how Lawson-compactness — through the use of Lemma 11.2 — played
a crucial role here.

11.4.2 Embedding labelled Markov processes into Proc

In this subsection we show how one can embed the poset of labelled Markov
processes ordered by simulation (henceforth LMP) into the domain Proc.
This completes the passage between the two views. In order to do this we
will embed the finite acyclic labelled Markov processes (FAMPs for short)
into Proc. Since FAMPs are acyclic they have a well-defined height; we
define the embedding function ¥(.) : FAM P — Proc by induction on the
height of the DAG:
~(NIL) =1, for a FAMP of height 0
~Let (P, po, p) be a FAMP. Then 9(P) = ¢ (po) is defined by ¥ (po)(a;) =
ZpGP Pa; (Po, P) * Ny(p) Where 1, is the point valuation at p.

The next lemma relates satisfaction of logical formulas by FAMPs and
by their corresponding elements in the domain. In order to distinguish the
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two notions of satisfaction we will write |=p for the domain-theoretic notion
and =)y for the Markov process concept.

Lemma 11.8 Let P be a FAMP and ¢ a formula then

PEuM¢ <= ¢(P) b ¢.

Proof. Let P = (P,po,p) be a FAMP. We prove by induction on
the structure of formulas that for every formula ¢ we have [[(bﬂp =
Pny~Y[#]p). The base case and the induction step for conjunction
and disjunction are obvious. Assume the claim is true for ¢, we want
to prove it for (a) ¢. By definition of ¢, we have that for every p € P
Y(p)(a@) = >, cp Pa(p:P)py(py (even if p is NIL). Hence by induction
hypothesis we have

pa(p; [8]p) = palp, PN~ ([8] )
=" PP )itp (18] p)
p'eP

= ¥(p)(a)([¢lp)-

Then we get [[<a>q¢]]P = Pﬁ@b*l(ﬂ(a)quﬂD) which completes the proof that
[¢]p = PN+~ ([¢]5). Hence we have proved that P |= ¢ if and only if
P(P) E ¢ for every formula ¢. O

It follows from the above lemma that the embedding function is monotone.

Lemma 11.9 If a FAMP Py simulates another FAMP, say Pi, then
$(P1) E $(Pa).

Proof. Suppose that P, simulates P; in the notation of the lemma, and
that ¥(P1) Ep ¢. Then by lemma 11.8 P; =ps ¢. Since P2 simulates Py
we have that Py s ¢. Then we have 1(P2) E=ar ¢ Thus ¢(P1) C ¥(Pa),
which is what we wanted to prove. O

Now we turn to the task of embedding all labelled Markov processes into
Proc. Let S be a labelled Markov process and suppose that {P; | i € I} is
a sequence of FAMPs such that:

(1) i < j = P, is simulated by P,
(2) every formula satisfied by P is satisfied by some P;.

In Chapter 9 we have shown how to construct such a family of ap-
proximations. Now by Lemma 11.9, condition 1 means that the family



166 Labelled Markov Processes

{¢(P;) | i € I} is a chain in the domain Proc. We define

P(S) = Uicr(Pi).

From the fact that the sets [¢],, are open in the Scott topology of Proc
we know that every formula satisfied by ¢(S) is satisfied by some ¥ (P;).
Together with condition 2 we immediately get that

Proposition 11.3
V(S)FEp ¢ = SkEuM 9.

It follows immediately — from this and from the logical characterisation of
bisimulation — that

Corollary 11.2  If (S1) = ¢(S2) then Sy is bisimilar to Sa.

What we have done is to show that the recursive domain equation defines
a very special kind of universal LMP. In categorical jargon we have con-
structed a final object. This gives co-inductive techniques for reasoning
about bisimulation of LMPs.



Chapter 12

Real-Time and Continuous Stochastic
Logic

So far we have considered the LMP model where the state space may be
continuous but the transitions are discrete jumps in time triggered by exter-
nal actions or labels. Real-time systems are extremely important in prac-
tice, particularly in performance evaluation and verification of real-time
systems. Logics and model checking techniques for them are flourishing;
see, for example, the excellent recent book by Baier and Katoen [BKO08]. In
this chapter we consider real-time systems with, possibly, continuous state
spaces and prove a logical characterisation of bisimulation in this context.

In the systems that we consider, transitions are still instantaneous but
there may be a random delay in each state before the transition is taken.
Thus, the system still has a discrete character. Further, we assume that
the delay times are exponentially distributed so that the system in a given
state has no “memory” of how long it has been there. This is an additional
Markovian assumption; such systems are called continuous-time Markov
chains or CTMC:s for short. Logics and bisimulation techniques for systems
where the dynamics is a random flow governed by a stochastic differential
equation is still open.

A logic for CTMCs called Continuous Stochastic Logic (henceforth
CSL) was introduced by Aziz et al. [ASSB96] and a few years later Baier,
Haverkort, Hermanns and Katoen [BHHKO00] came up with an ingenious
model checking algorithm for CSL. Along the way, they showed that if two
CTMCs were bisimilar then they would satisfy exactly the same formulas of
CSL. This gives the basic sanity check that the logic is not overly sensitive.
In response to a question of Joost-Pieter Katoen to the author, Desharnais
and the author [DP03] showed that in fact a small subset of CSL suffices
to characterise bisimulation for CTMCs, even when the state space is a
continuum. In this chapter we prove this result. The basic intuition be-

167
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hind the proof is that CSL is rich enough to pin down the exact transition
rates. So by looking at the right formulas we can force the systems to have
matching transition rates.

In the course of the proof it is necessary to prove that the set of so-called
“Zeno” paths has measure 0. This result has been proved for discrete
systems [dA97; Bai] and it easily extends to continuous systems. In the
paper [DP03] we gave an unnecessarily sophisticated proof using Fredholm
operators, but this, while quite amusing, is not necessary.

The next section, Section 12.1 gives basic background on CTMCs ex-
tended to continuous state systems. The following section discusses the
space paths for a CTMC. Section 12.3 following gives a summary of the
logic CSL and its semantics. In Section 12.4 we prove a general theorem
that is useful for establishing logical characterisation results. The logical
characterisation theorem of bisimulation for CTMCs and CSL is proved in
Section 12.5.

12.1 Background

In this section we generalise the CTMCs and the logic CSL to processes
with a continuous state space. For simplicity, we follow [BHHKO00] and do
not consider processes with labelled transitions. The results, however, are
not affected — except in trivial notational ways — if we add labels. As in
the rest of the book we assume that the state spaces of the CTMCs are
analytic and we use the same machinery that we used to prove the logical
characterisation theorem for LMPs.
Let AP be a fixed, finite set of atomic propositions.

Definition 12.1 A continuous-time Markov process or CTMP is a
tuple (S, X, R, L) where (S, X) forms an analytic space, R : S x3 — Rxq is
a rate function: it is measurable in its first coordinate and a measure on its
second coordinate; and L : S — 24F is the labelling (measurable) function
which assigns to each state s € S the set L(s) of atomic propositions of AP
that are valid in s. One may assume an initial distribution a on the state
space.

We write E(s) for R(s,S) (the exit rate out of s). The set of absorbing
states R™1{0} is written Abs and Can := S\ Abs is the set of states that
can make a transition. We also write P(s, X) = R(s, X)/E(s) if s € Can:
it is the probability of jumping to a state in X, given that we start in the
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state s. If s € Abs, P(s,X) = 0. Note that P(-, X) is measurable since it
is a quotient of measurable functions (see [Bil95] for example).

Given a state s and a (measurable) set of states say X, the transition
rate — transition probability per unit time — for jumping from s to a state
in X —is R(s, X). If there are two disjoint sets of states that s can jump
to we will have competing transitions and there will be a race condition
between these transitions. If at time 0 the system is known to be in state s
then at time t the probability that the transition to a state in X has been
triggered is

1— e—R(S,X)i.

One cannot say that this is the probability that the system will be in a
state of X at time ¢. The probability that at time ¢ the system reaches a
state in X in one transition is 0 if s € Abs, and

R(Sv X) [1 _ e—E(s)q‘,]

E(s)
otherwise. As a last example, the probability of leaving s within the interval
of time [t,u] is

e—E(s)t(l _ e—E(s)(u—t)) e—E(s)t _ e—E(s)u7
because the process must stay in s for ¢ units of time and then leave s within
u — t units of time. Note that this yields 0 if s € Abs.

12.2 Spaces of Paths in a CTMP

In order to understand the behaviour of a CTMP one needs to understand
the executions. Thus the set of possible paths and the measures on them
play a significant role. One important aspect of continuous time systems is
that each transition takes some time; the number of steps by itself is not the
correct way of determining elapsed time. In such a case it is possible to have
a so-called Zeno path, that is, a path with infinitely many steps but in which
the elapsed time intervals decrease fast enough that the total elapsed time
is finite. The presence of such paths greatly complicates any calculations.
Often — in semantics — one rules out such paths by fiat, usually by invoking
some kind of fairness property. In probabilistic treatments the information
about transition probabilities is supposed to be a substitute for fairness, so
we cannot just rule out Zeno paths. What can be shown instead is that



170 Labelled Markov Processes

the probability of Zeno paths is zero provided that the transition rates are
bounded.

It makes sense on physical grounds to insist that the transition rates
be bounded. Clearly in finite state systems the transition rates will have
some maximum value. In infinite state systems if we allow the rates to
grow without bound then the probability of Zeno paths is no longer zero.
An explicit example due to Christel Baier shows that this is the case. It
is easy to reconstruct the example by considering a countable state space
and making the transition rates increase exponentially. In such systems
the transition rates grow above any prescribed limit. This is as unphysical
as allowing speeds that exceed any limit! The expected time in a state
is the inverse of the transition rate out of that state and clearly once one
reaches times like 10733 seconds one has an unphysical situation. This
is the time unit that can be constructed from the fundamental physical
constants G, h, c and it is widely accepted that our usual notions of space
and times break down. In the realm of macroscopic objects that usually
concern computer science and engineering these time scales are absurd.

Definition 12.2 A path is a finite or infinite sequence sq, tg, s1,t1,- - -
where t; € RT for i € N and s; € Can for all i € N except for the last
state s; if the sequence is finite in which case s; € Abs. Let o be an infinite
path; we use the following notation':

oli] =s; the i-th state of o
0(o,1) = t; the time spent in s;
o@t = o[i] the state of o at time ¢
i is the least index such that ¢ < ZE tj
Path the set of all paths
Path(s)  the set of paths starting in s

If o is finite and ends in s;, o[i] and 6(o,7) are defined as above for i < I,
whereas §(0,1) = oo, and c@t = s; for t > Zé_l t;.

With < in the definition one may be in a situation where no value of
t can satisfy the formula. Indeed, we need that for some ¢ in the right
interval 0@t = s; = ¢’ for some i and for all ' =t — ¢, cQt' = 5,1 E ¢.
As an example, consider the question what is 0@t for o < t < tg + t1,
strictly in between returns to state s;? Thus if s; is the state at which ¢’
is satisfied (and ¢ is not), we must find a time ¢ such that o at all time less

I The definition of c@t differs from that in [BHHKO00] where the inequality is not
strict. It is a technical point to make the temporal Until operator of CSL satisfiable.
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than t returns sg, this forces us to define 0@ty to be s;. Hence the strict
inequality is necessary here.

The Borel space of paths F(Path) is generated by sets of paths of the
form

e Xoxlox Xy xIi x...l,—1 xX, x(RxS)>®,
e XgxIopx Xy xIi x...xXp_1x1I, 1xY

with X; € 3, I; an interval of the reals with rational bounds and n € N
and Y € (XN Abs). It is not hard to prove that these sets form a semi-ring.
This semi-ring, which we denote by SR(Path), is countable because the
intervals involved have rational bounds. We often write the tail (R x S)*°
simply as oo to simplify the notation.

Given a distribution « on the set of states, we define a probability
measure Pr, on paths as follows. Let XoxIox X1 xI1x...I,_1xX,Xx00be
a set (of infinite paths) in SR(Path) and let us write e(7) for the probability
e~ Bl@ti _ o=E(@)ui of leaving x; within the interval of time I; = [t;, u;].
Then

Pro(XoxIopx X1 xI1 X ...x I3 x X, Xx0) =
/Xo e(0) /Xl e(l).../X (e(n — 1)P(zp—1,Xn))

n—1

P(.’,Un_Q, dxn_l) .. P(Z‘(), dxl)()é(dl‘o).

The measure is defined in the same way for a set in SR(Path) of finite
type by replacing X,, with Y.

This set function is easily shown to be countably additive on the semi-
ring SR(Path) and hence has a unique extension to a measure on F(Path).

We write Pry(X) if we consider the state s as a starting point and hence
its initial distribution.

We allow absorbing states in infinite paths because the set of infinite
sequences containing absorbing states is of measure 0. In general, it is not
necessary to distinguish between the two cases of paths, i.e. those involving
absorbing states and those that do not because the measure handles ab-
sorbing states. In manipulating sets of paths, we usually decompose them
according to the number of transitions in the paths. This way, absorbing
states are taken into account. On the other hand, if we want a set of paths
of finite type to get a meaningful value (i.e. > 0) we must use a multi-
ple integral with the right number of integrations, that is, the number of
integrations must be the number of transitions of the paths in the set.
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The following theorem states that Zeno paths have measure 0.

Theorem 12.1  The set of paths having a sequence of time that converges
is of measure 0 provided that the rates are bounded; i.e. sup,cg R(s,S)
exists.

A proof is given in [DP03].

12.3 The Logic CSL

In this section, we recall the logic introduced in [BHHKO00] and its seman-
tics. The version of CSL [ASSBY96] originally introduced by Aziz et al. does
not have the next-state formula, it has the Until construct which allows one
to express most path modalities. For our purposes the next-state formula is
very useful and is standard in such logics. The version of Baier et al. is es-
sentially like ours, except that they also talk about rewards. In [BHHKO0],
the logic CSL was augmented with a very important formula Sy, (¢) to
represent steady-state properties. We do not need it for the purposes of
the logical characterisation proof so we omit it.

Definition 12.3  Our version of the logic CSL [ASSB96] has the following
syntax. Let a € AP, p € [0,1]NQ and <€ {<,<,>,>}. State formulas ¢
are defined by

¢:=Tla[=¢[dN¢ | Pup(¥)
where 1 is a path formula constructed by
Y= Xo | Xg | gUg' | U

for t, u rational.

Note that there are countably many formulas since AP is countable and
p,t,u are rationals.
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Meaning of formulas
Given a CTMP § = (S, %, R, L) and a € AP, the definition of the satisfac-
tion relation |= over state formulas is given by induction:

sET for all s € S;

skEa iff a € L(s);

sEoNG it sE¢andsE ¢

skE-o i s~ ¢

s E Pupty iff Prs{o € Path(s): o = ¢} xp.

Note that the set {o € Path(s) : o = 1} is measurable; this will be shown
in the next lemma below. To be more formal, we could have considered
at this point the greatest measurable set contained in it. The semantics of
path formulas is defined as follows.

o= X¢ iff o[1] is defined and o[1] = ¢;

o= X4y iff o= X¢ and §(0,0) = tg € [t,ul;

o= oUg it 3k >0.0k]l E¢ and VO <i<k,oli] E ¢

o = oUbUlg! iff It et u].0Qt* = ¢ and VO < ' < t*,0Qt = 6.

We write [¢] g for the set {s € S| s = ¢}. We often omit the subscript
when no confusion can arise. Similarly, we write [¢], = {0 € Path(s) :
o = ¢}. The following lemma shows that these sets are measurable in S.

Note that the logic CSL could be extended to witness labelled tran-
sitions, by replacing X with (a). In this case, the formula (a),¢
from [DGJP02a] would be represented in CSL by the formula Ps,({a)®).

Lemma 12.1 Let S =(S,%,R,L) be a CTMP. Then

(1) for every formula ¢ of CSL, [¢] € X;
(2) for every path formula ¢ of CSL and every s € S, [¢], € F(Path).

Proof. We prove the two statements in parallel using structural induc-
tion. Trivially [T] = S € X. For every a € AP, [a] € ¥ because L
is measurable. Conjunction and negation are trivial since finite intersec-
tions and complements of measurable sets are measurable. To prove that
[Poap(¥)] is measurable for every path formula ¢, we will prove that the
function Pr()([¢] ) : § — [0,1] is measurable.

Now assume [¢] € ¥. Consider the path formula X[**l¢ and fix s € S.
We have

[X®ug], = {s,to, 51, : to € [t,u], 51 = ¢} = {s} x [t,u] x [¢] x oo
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and hence [X!"g], € F(Path). Now Prq)([X"¢] ) : S — [0,1]
satisfies
Pra([x14g],) = (e =0 - e He LD

Now products, differences and compositions of measurable functions are
measurable by standard results in measure theory [Ash72; Bil95; Rud66;
Hal50]. Thus our function above is measurable in s since it is constructed
as a combination (product, difference, quotient, composition) of the mea-
surable functions E(s) and R(s, [¢]). Consequently, {s : Pry([X"4¢] ) v
p} = [Poup(X[H¥ )] € ¥ because it is the inverse image under a measurable
function of a measurable subset of [0, 1], namely the subset defined by > p.

We now prove that the path formula ¢Ub"¢’ describes a measurable
set of paths. In the following we write out the set of paths satisfying the
Until formula as a union, indexed by the number of transitions it makes
before satisfying ¢’. Each such union is itself written as the union over
the possible rational times at which the transitions occur. It suffices to
use intervals with rational end points since every possible transition time
will be represented by some interval. Note that we are not claiming that
we have a disjoint union. We specify in each line the time at which the
paths satisfy the second condition of the Until formula and use the notation
o = s,tg,81,t1,.... Note that if s does not satisfy ¢ then it cannot satisfy
the Until formula so we assume that s = ¢ in the following.

[eU¢7],
= U;{o € Path(s) : 3T € [t,u]0Qt=s;}= ¢' and Vt' < T, 0Qt |= ¢}
= ({s}N[#]) X (t,00) x 00 s }= ¢’ and T in [t, min{to, u})

U {s} x [t,u] x [¢'] xoo s1E¢ and T =t

u U {s} % [ug,ug] x o A @] x (t — uy,00) x 00

u1<uz<t s1EdANP and T € [t, min{tg + t1,u})
U U {s} x [ur,ug] x [@] x [t —u1,u — ug] X [¢'] x 0o
up <uz<u So ': qb/ and T = t() + tl

U U {s} % [u1,us] x [@] x [ug,us] X [¢ AS] X (t—u1—usz,00) X 00

w1 <u2

s <tg so = ¢ AN @ and T € [t,min{tg + t1 + t2,u}).
- uztug<t
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In the expression following the last equality sign above, the first line is for
the case where s already satisfies ¢’ and the system stays in this state until
at least ¢t. In the second line we have the situation where at time ¢y the
system jumps to s; which satisfies ¢’. In the third line we have the case
where the jump to s; occurs between u; and ug but before ¢. In this case
we must have s; satisfying both ¢ and ¢’ and staying in this state until
time ¢. The subsequent lines follow the same pattern.

Since the set in question is expressed as a countable union of measurable
sets, it is measurable.

Now we have to show that Pr([oUl*¢/],) viewed as a function of
s is a measurable function. We have expressed the set [pUg¢]  as a
countable but not disjoint union. Let us consider what the intersections of
two of these sets can look like. If the number of jumps before ¢’ is satisfied
is different in the two sets then the intersection will be empty. In other
cases, if we intersect two sets from the union occurring on the same line,
we will be intersecting two sets where the time intervals overlap. In this
case the intersection will be in the form of a basic measurable set of paths.
If we apply the Prq(-) to such a set we clearly get a measurable function of
s. Thus when we form finite intersections we get measurable functions of
s. Now when we have a finite union - say of the family Uy, Us,...U, - we
can write the probability as?

n
> Pro(U) =) PrUinUy) +—...
i=1 i£]
But each such term defines a measurable function of s so the combination,
being constructed from sums and products is also measurable. When we
have a countable union we can construct the function Pr4(-) as the sup of
the functions for the finite unions. Since the sup of a family of measurable
functions is a measurable function we are done. O

12.4 A General Technique for Relating Bisimulation and
Logic

Logical characterisation proofs arise in several closely related places. These
proofs tend to be somewhat similar. In this section, we formulate — in a
more general and useful form — the theorems that were used implicitly in

2This purely combinatorial fact is called the “principle of inclusion-exclusion”.
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all these proofs. This extracts the essence of the logical characterisation
proof of Chapter 7.

Before we give this general form we need some notation. Let F be a
family of measurable sets, i.e. F C ¥. There is an induced equivalence
relation, written =, defined by

r=rpy—VAeF.(reA—ycA).

In other words two states are equivalent if they belong to exactly the same
sets of F. We write cl(F) for the collection of measurable sets closed under
the equivalence relation = (i.e. measurable unions of equivalence classes).
The general theorem can now be stated.

Theorem 12.2  Let (S, X) be an analytic space. Let F C X be countable
and closed under intersection and let S € F. Then if two measures agree
on F then they agree on cl(F).

It is worth summarising how to use this result. Typically, the set F will con-
tain the meaning of basic formulas and the measures will be the transition
probabilities from two equivalent states. Consequently, to prove that logi-
cal equivalence implies bisimilarity, we only have to prove that two logically
equivalent states have the same value on transitions to the set of states that
satisfy some formula — the definable sets of the logic. If the logic is indeed
rich enough to characterise bisimulation then the transition probabilities to
the definable sets will force the transition probabilities to agree on all sets
and thus be bisimilar. We see that we need our logic to have conjunction
and to have only countably many formulas — both are very mild restrictions
— and to be rich enough to encode the transition probabilities (or rates) to
definable sets. If the logic has these basic properties then a completeness
proof can now be produced routinely. Our main Theorem 12.3 is precisely
such an application of this result.

One major step towards proving Theorem 12.2 is given by the -7 the-
orem. We recall it here, it is Proposition 2.10.

Proposition 12.1 Let X be a set and A a family of subsets of X, closed
under finite intersections, and such that X is a countable union of sets in
A. Let 0(A) be the o-field generated by A. Suppose that i, ps are finite
measures on o(A). If they agree on A then they agree on o(A).

One can see that the two theorems are very similar and that the only result
that we need to prove in order to get Theorem 12.2 from the A-7 theorem
is that o(F) = cl(F). This is exactly the statement of Lemma 12.4. This
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lemma requires the same results that we used in Chapter 7, namely the
unique structure theorem, which we had in Chapter 7 as Lemma 7.2.

Lemma 12.2 Let (S,%) be an analytic space and let ¥y be a countably
generated sub-o-field of ¥ that separates points in S. Then Yo = 2.

Recall that a o-field separates points if every pair of points is separated by
a set in the o-field, that is, there is some set in the o-field that contains only
one of these points. The following lemma is Lemma 7.3 from Chapter 7.

Lemma 12.3 Let (S,X) be an analytic space and let ~ be an equivalence
relation on S. Assume that there is a sequence fi, fa,..., fu,... of mea-
surable real-valued functions on S such that for any pair of points x,y in
S one has x ~ y if and only if Yn.fr(x) = fu(y). Then S/ ~ is also an
analytic space and the trivial quotient map q : S — S/~ is measurable.

Now with these two properties of analytic spaces in hand we can prove the
following key lemma.

Lemma 12.4 Let (S,X) be an analytic space. Let F C ¥ be countable
and assume S € F. Then cl(F) = o(F).

The proof is exactly as in Chapter 7 and is omitted. This lemma establishes
Theorem 12.2 immediately.

12.5 Bisimilarity and CSL

In this section, we introduce the definition of bisimulation for CTMPs and
prove that it coincides with the equivalence induced by the logic. We prove
this result by applying Theorem 12.2 from the preceding section.

Notation Let F be a set of formulas of CSL; then Lp(s) is the set of
formulas of F' that are satisfied by s. Let = be an equivalence relation on
S; then cl(=) contains all the closed sets w.r.t. =, that is,

cd(=)={ceX: ifs€coand s =5 then s € 7}.

The following definition of bisimulation generalises the definition of F-
bisimulation for discrete CTMCs introduced in [BHHKOO].

Definition 12.4 Let F be a set of formulas. An equivalence relation =
is an F-bisimulation if whenever s = s, we have Lr(s) = Lp(s") and for
every C € cl(=), R(s,C) = R(¢',C).
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F is intended to be the set of observable formulas. If we take F' = AP then
F-bisimulation is standard bisimulation. If we take F' = {T} and hence
ignore atomic propositions, we get the analogue of probabilistic bisimulation
as defined by Larsen and Skou for discrete probabilistic processes (with only
one label on the transitions). This parametrisation allows us a more flexible
treatment of bisimulation.

Obviously, satisfying only formulas in F' would be a far too weak condi-
tion for two states to be bisimilar: for example, if F = {T}. Bisimulation
involves matching transitions and it is necessary that the set of formulas
that defines the equivalence between states be closed under the construc-
tor Pog,(X[%8(.)). One must keep in mind that F is just a restriction on
bisimulation that we can impose with the help of atomic propositions. The
bigger F' is, the fewer states are going to be bisimilar.

Definition 12.5 If F' is a set of CSL formulas then the closure of F
under conjunction A and the operator Pa,(X[%#(.)) is written F.

Theorem 12.3 Let F be a set of formulas that contains the trivial for-
mula T. If two states of a CTMP satisfy the same formulas of F then they
are F-bisimilar.

Proof. Let F be a set of formulas; then F = {[¢] : ¢ € F} is countable
and closed under intersection. We write s = s’ if s and s’ satisfy the same
formulas of F. We show that = is an F-bisimulation. Let s = u; then
Lp(s) = Lp(u) trivially. We want to prove that R(s,C) = R(u,C) for
every C € cl(=). By Theorem 12.2, we only have to prove that it is true
for C € F. We first prove that E(s) = E(u). Since s = u, s and u satisfy
the same formulas of the form Pa,(X[1¢) where ¢ is a state formula
constructed from formulas in F; consequently, we have

Pr.({o € Path, : o = X1%¢}) = P,({o € Path, : o0 = X¢}). (12.1)
Consider the case where ¢ = T € F. Then
1 _ e*E(S)t — 1 _ e*E(u)t
which implies that E(s) = E(u).

We now prove that R(s, [¢]) = R(u, [¢]) for every formula ¢ € F. We
get from Equation 12.1 that

R(s.[o])

Pr,({o € Path, : o |= XI%Ug}) = (1 — e F()) e



Real-Time and CSL 179

Then

_ —E(s)t R(87 [[¢]]) _ _ —E(u)t R('LL, [[¢]])
C=e 0 5 =~ ) R
which implies that R(s, [¢]) = R(u, [¢])-
By Theorem 12.2, we have that R(s, A) = R(u, A) for every A € cl(=)
as wanted. O

Not all the operators of the logic are needed in the preceding proof.
In particular, there is no use of constant, negation and no use of Until.
We have seen this phenomenon before with the logical characterisation of
LMPs, namely that one does not need very many formulas to get a logic
rich enough to get a characterisation of bisimulation.

Let CSLy denote the smallest set of formulas of CSL containing F' and
closed under CSL operators. The following theorem has been proven for
CTMCs in [BHHKOO0].

Theorem 12.4  If two states are F-bisimilar, then they satisfy the same
formulas of CSLp.

Proof. The proof is an easy induction on formulas. The strategy is to
show that if = is an F-bisimulation, then [¢] is in cl(=), for every state-
formula ¢. If s = s’ and [¢] € cl(=) by induction, then definition of bisim-
ulation implies that R(s, [¢]) = R(s’, [¢]) and also that R(s,S) = R(¢,S)
since S is certainly in cl(=). Then we use the equations developed in
Lemma 12.1 for [X®4g], and [¢Ut4¢/],. Measurable functions repre-
senting the probabilities to these sets are in terms of R(s, [¢]) and R(s, S);
manipulations of measurable functions and sets complete the proof. O

What happens if the delays are not memoryless? In that case one can-
not even define a bisimulation relation on states because the time spent
in the state becomes important. One approach developed by Gupta et
al. [GIJP04; GJPO06] is to consider uniformities which lie between metrics
and relations.
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Chapter 13

Related Work

In this short book the focus has been on LMPs with all the nondetermin-
ism associated with the choice of label or action. There are a number of
directions that have not been explored; here I give a brief summary of other
directions with some pointers to the literature. Many of these are areas of
active research and the references to the literature cannot be complete.

13.1 Mathematical Foundations

The key technical result from which most of this work has flowed is the
logical characterisation of bisimulation. In this book the proof was based
on a definition of bisimulation that mimicked as closely as possible the
definition of probabilistic bisimulation due to Larsen and Skou [LS91].

In the original treatment of the subject [DEP02] the definition of prob-
abilistic bisimulation was based on the concept of “spans of zigzags”. The
idea is to define a functional analogue of bisimulation called a zigzag mor-
phism. We recall the definition here

Definition 13.1 A function f from (5,3, 7,) to (S',%/, 7)) is a zigzag if
it satisfies the properties:

(1) f is surjective;
(2) f is measurable;
(3) Vae A,s € 8,0’ €X', 7u(s, fH0") = TL(f(s),0").

A bisimulation between two LMPs is then a span of such zigzags as shown

181
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in the following diagram:

(5177—1) (5277—2)

Here the bisimulation relation is represented by the two zigzags f and g.
In [DEPO02] it is shown that for discrete systems this coincides with the
Larsen and Skou definition, however, the proof requires some calculation.
For the case of continuous-state systems it requires some work to show that
this definition yields an equivalence relation.

The difficult part is showing that one has transitivity. In order to do
this one starts with the diagram below

(S4,74) (Ss5,75)

SN TN

(S1,71) (S2,72) (S3,73)

and looks for a construction that will allow one to complete the upper
diamond to produce the figure below:

(S676)
(54774/ \?55775)
(S1,711) (S2,72) (Ss,73)

Unfortunately it is very hard to find a construction that takes the dia-
gram

(S4,71) (S5, 75)

~.

(S2,72)
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and completes it to produce the diagram

(S6,76)

PN

(S4,71) (S5, 75)

~

(S2,72)

If one has pullbacks in the appropriate category one can, of course, complete
this picture always. If one does not have pullbacks one can make do with
weak pullbacks. These are like pullbacks, one can always complete the
square but the mediating morphism required by universality may not always
be present.

In a co-algebraic treatment based on an underlying category of ultra-
metric spaces, carried out by de Vink and Rutten [dVR99], they were able
to show that weak pullbacks do exist in their category. The Giry monad
was used to define LMPs as coalgebras and zigzags are precisely the coalge-
bra homomorphisms. Unfortunately, common spaces like the reals are not
ultrametric spaces.

In the paper by Desharnais et al. [DEP02] an even weaker construction
called the semi-pullback was used. This does allow one to complete the
square but there are numerous technical details to verify [Eda99] and the
construction requires one to jump back and forth between different cate-
gories. It is the complexity of this construction that has led to the search
for other approaches, finally leading to the relatively elementary treatment
of this book, which first appeared in [DGJP03].

A much deeper analysis of the semi-pullback construction using more
powerful mathematical tools appeared shortly thereafter [Dob03]. This
approach, due to Doberkat, has been developed by him in several recent
papers and in a forthcoming book. The main advances are that he can work
in relatively civilised categories and does not have to move between different
settings. The main background needed for following his work is descriptive
set theory [Mos80; Kec95; Sri98], particularly so-called selection theorems
that give techniques for inverting measurable functions.
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13.2 Metrics

The idea that one should work with metrics rather than equivalence re-
lations goes back to Jou and Smolka [JS90]. The first construction of a
pseudo-metric whose kernel is probabilistic bisimulation is due to Deshar-
nais, Gupta, Jagadeesan and the present author [DGJP99; DGJP04]. The
algorithm presented there is extremely inefficient and merely shows that
the metric is computable.

The work of van Breugel and Worrell [vBWO01] used the connection with
linear programming to present a polynomial-time algorithm for computing
the metric, at least in the case where the discount factor is less than 1. This
turned out to be a very fruitful connection and duality ideas from linear
programming were much used.

Ferns et al. [FPP04; FPP05] showed how these ideas could be adapted
to Markov decision processes (MDPs) and established bounds for how far
the value functions could be from optimal in terms of the metric dis-
tance. This led to the hope that the metric could be used for applica-
tions in Al planning. Unfortunately, the algorithm was still not efficient
enough for applications to planning in large unstructured MDPs. Ferns
et al. [FCPP06; Fer08] developed techniques based on approximating the
metric by sampling which hold some promise for applications.

13.3 Nondeterminism

In this book the focus has been exclusively on what are called “fully prob-
abilistic” processes. For many applications, especially in concurrency, it is
necessary to consider nondeterminism. One may just not have the data for
a fully probabilistic model. There are two main ways of thinking of com-
bining probability and nondeterminism. These are called the alternating
model and the probabilistic automaton model.

In the alternating model the state space is partitioned into two sets
called S, and S,,. The states in .S}, can only take probabilistic transitions
while the states in .S, take the nondeterministic transitions. Despite the
name, it is not required that the states strictly alternate but, for conve-
nience, it is usually assumed that they do. In essence, the alternating
model allows one to name probability distributions. This means that when
one matches with respect to bisimulation one requires that the distributions
named by the states in S, must also match.
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The alternating model arises from a model proposed by Vardi in
1985 [Var85]. The explicit description of it is due to Hansson and Jon-
sson [HJ90; HJ94a] and it has also been used in the discussion of weak
bisimulation, which we address below.

In the probabilistic automaton model, due to Segala and Lynch [SL94],
there is no distinction made between two kinds of states. There are two
choices involved in a transition. The choice of a label is made, perhaps
by the environment, and then a scheduler chooses a transition probability
function. The distribution of final states is determined by these two choices
together. Thus, for each label, there is not necessarily a unique transition
probability function, the choice is limited by the label chosen but there is
still some freedom left for the scheduler. This is more like the labelled tran-
sition systems that arise when one is dealing with non-probabilistic process
algebra. Matching now has to take place relative to the possible schedulers.
In fact, the schedulers can be randomised. The notions of bisimulation are
incomparable between the alternating model and the probabilistic automa-
ton model.

Logical characterisation cannot work with just the negation free formu-
las that we used for LMPs when one has the mixture of probability and
nondeterminism. Even in the non-probabilistic case some negative formulas
are required in order to characterise bisimulation. A well-known example
is the given by the following pair of processes:

S0 to

53 S1 t1
lb lb

52 to

The states sg and ty are not bisimilar but no negation-free formula can tell
them apart.

In the probabilistic automata model there are two closely related con-
cepts: strong bisimulation and strong probabilistic bisimulation. The key
difference is that in strong bisimulation one requires that transitions match
but with the strong probabilistic bisimulation one allows matching with
convex combinations of transitions. In the alternating model they coincide,
but in the PA model they are different. A good discussion of all this is
contained in a review paper by Segala [Seg06].
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The question of a good mathematical model combining probability and
nondeterminism has been considered from a domain-theoretic point of view.
One can define a coalgebra for nondeterminism using a powerset or power-
domain monad and another coalgebra for probabilistic transition systems
using the Giry monad. Combining these monads is troublesome however
because there they do not distribute over each other and it is not clear
what equations should hold. Examples of investigations along these lines
are due to Mislove et al.  MOWO03] and in unpublished work by Plotkin and
Keimel.

13.4 Testing

One of the criticisms of bisimulation is that it does not capture how systems
are used in various contexts. Testing equivalence captures this and was
explicitly designed to be a more intuitive account of process equivalence.
The paper by Larsen and Skou [LS91] does address testing equivalence
and shows that there is a close relation between testing equivalence and
bisimulation, indeed in a more natural way than what had emerged for
ordinary nondeterministic processes [Abr91la).

The theory of testing for LMPs and a characterisation of bisimulation in
terms of testing was given by van Breugel et al. [vBMOWO5]. The testing
processes in that case are very similar to the formulas appearing in the
logical characterisation. A very appealing duality theory for LMPs was
based on these ideas [MMWO04].

Testing equivalences for probabilistic automata are much more subtle;
a very insightful analysis was given by Stoelinga and Vaandrager [SVO03].

13.5 Weak Bisimulation

In many applications one wants to view certain actions as internal to a
system and hence unobservable. The notion of bisimulation equivalence is
then defined as before but one is allowed to ignore unobservable actions. For
fully probabilistic systems the notion of weak bisimulation was developed by
Baier and Hermanns [BH97]. In the mixed probabilistic-nondeterministic
case one has to be careful about defining weak bisimulation because the
unobservable actions may or may not cause one to leave a bisimulation
equivalence class.

As Dbefore, weak bisimulation can be studied in an alternating
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model [PLS00] or with probabilistic automata [SL94]. In the case of the
alternating model, Philippou et al. used conditioning to capture the idea
that the unobservable actions may or may not take one out of a bisim-
ulation equivalence class. It turns out that one can work instead with
convex combinations of actions and develop an equivalent notion of weak
bisimulation [DGJP02b]. In that version, one can also prove a logical char-
acterisation theorem for weak bisimulation but there are new subtleties.
The main point is that one is no longer working with probability distribu-
tions but with sets of probability distributions and taking the supremum.
This yields a quantity called a capacity which, unlike distributions, is not
additive. The proofs thus had to use new techniques — essentially based on
continuity properties — in order to proceed.

Just as one can define pseudometrics whose kernels give bisimulation,
one can define pseudometrics whose kernels give weak bisimulation. The
metric analogue of weak bisimulation was developed by Desharnais et
al. [DGJP02a] using many of the ideas of van Breugel and Worrell on linear
programming [vBWO01].

13.6 Approximation

The approximation techniques in the present book all use the idea that the
approximants should under-approximate the transition probabilities; this
allows a good match with simulation and the logic. There is, however,
a natural approach which is to average the transition probabilities. The
natural tool for computing an average is the conditional expectation. A
preliminary study of conditional expectation appears in a paper by Danos
et al. [DDPO03].

The main idea is that one would like to work with a cruder version
of the given o-algebra so that one does not have to consider transition
probabilities to all the sets of the original o-algebra. Let us suppose that
the given o-algebra is ¥ but we wish to work with a subalgebra A C X.
Then we can work with the conditional expectation given A. Intuitively,
the conditional expectation averages over the cells of A and ignores the fine
structure revealed by X.

The major subtlety there is that conditional expectations are only de-
fined uniquely “up to a set of measure 0”. This is awkward if one is in-
terested in actually computing with them. There is, however, a condition
which was called granularity in [DDP03] according to which one gets unique



188 Labelled Markov Processes

condition expectations. This is a very strong condition and requires that
the system come with a canonical measure of some kind. For many applica-
tions this is reasonable; there is usually some close relative of the Lebesgue
measure in the picture. However, the general theory is still under develop-
ment.

13.7 Model Checking

There is a huge literature on model checking for probabilistic and real-time
systems and it would be futile to even attempt a survey here. There is
an excellent recent text book [BKO0S| presentation of the subject of model
checking which includes a substantial discussion of model checking proba-
bilistic systems: this is commonly — but misleadingly — called probabilistic
model checking.

Probabilistic model checking began with a paper by Bianco and de
Alfaro [BdA95]. There was an explosion of subsequent work, much
of it associated with the names of Baier, Clark, de Alfaro, Hermanns,
Huth, Katoen, Kwiatkowska, Norman, Parker, Segala and many oth-
ers [Bai96; BCHG'97; HK97; dAKN100; KNP04].

The subject has gone beyond the realm of theory. A successful sys-
tem called PRISM has been built by Marta Kwiatkowska and her group
and a number of industrial case studies have been carried out with
PRISM [KNPO5].

One of the interesting developments in the field is the convergence of in-
terest between the performance evaluation community and the probabilistic
verification community. The performance evaluation community has long
been interested in quantitative reasoning about large systems and ideas
for compact representations of large systems and compositional techniques
have moved back and forth between the two communities. Of particu-
lar note is Performance Evaluation Process Algebra (PEPA) developed by
Jane Hillston [Hil94] which is a compositional approach to performance
evaluation based on ideas from process algebra. Techniques from the per-
formance evaluation community have led to new model checking techniques
for real-time systems and other properties of interest to performance eval-
uation [BHHK00; HCH*02].
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